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A FINITE-DIFFERENCE PROGRAM FOR STRESSES IN 
ANISOTROPIC, LAYERED PLATES IN BENDING 
I NT RODUCT I O N  
One critical feature associated with structural composites of laminated 
construction, using materials or geometrical arrangements that exhibit different elastic 
properties from layer to  layer, is the possibility that the glued layers will separate or 
delaminate. This was undoubtedly realized from the outset of their use, and a brief 
historical sketch of the American scene is presented by Pipes [ 1 J . However, the earliest 
serious investigation into the cause of delamination-type failure, namely the interlaminar 
stress problem, was apparently done in Japan by Hayashi [2,3] , who reported that the 
maximum interlaminar shearing stresses occurred at the free edge of a laminate under 
tension. Hayashi used a plane stress model for the layers and approximated the 
interlaminar shears by a strain-averaging technique. Using a similar model, Puppo and 
Evensen [4] likewise discovered a sharp rise in the interlaminar stresses near a free edge. 
Notably, the use of the above models ignored the interlaminar normal stress. In two 
publications, Pipes and Pagano [ 5,6 J developed a finite-difference program to solve the 
exact elasticity equations for a long laminate in uniaxial extension. In their development, 
the stresses are assumed independent of the axial coordinate and include all six 
components. The results of this investigation show that a sharp rise in both the 
interlaminar shear stresses and the normal stress occurs near the free edge. Thereafter, 
Oplinger [7] did an analysis of angle ply laminates in tension using a model similar to 
that of References 2 through 4. His approach allows a large number of layers to be 
considered. Indeed it was discovered that a singularity in the interlaminar shear occurs at 
the free edge of a laminate of one particular type of construction. An alternative solution 
to that employed in the above references is used by Rybicki [81 who applied a 
three-dimensional finite element formulation. His results agree with References 5 and 6. 
The present report marks the initial phase of a study of the interlaminar stresses 
induced in a layered laminate by bending. Following the approach used by Pipes [ 51, the 
laminate is modeled as a continuum and the resulting elasticity equations are solved using 
the finite-difference method. This solution technique is made possible by assuming that 
the laminate is bent into a cylindrical surface such that the stresses are independent of 
the axial coordinate. The objective of t h s  report is to set forth the mathematical 
framework, present some preliminary results, and to avail the computer program to 
others. The results reveal a simplifying symmetry relationship in the displacements that 
will allow significant reduction in the size of certain numerical problems. In addition, 
trends in the interlaminar stress distribution are somewhat similar to those found for 
stretching problems, in that a sharp rise occurs at the free edge. 
PROBLEM FORMULATION 
Laminate Description 
The laminated composites considered in this report consist of rectangular laminae 
symmetrically stacked with respect to  a midplane and bonded together to  form a flat 
laminate. The bonding is assumed to provide perfect adhesion between the laminae, 
which nullifies the possibility of slip between adjacent laminae thus establishing the 
conditions of continuous displacements and tractions at each interface. Each individual 
lamina is considered to  be elastic, homogeneous, and orthotropic (Le., each lamina 
possesses three planes of elastic symmetry). The assumption of homogeneity eliminates 
micromechanical effects such as those involving fibers or matrix. The geometry of a 
typical lamina and laminate is illustrated in Figure 1. One may note that the orthotropic 
coordinate axes (x',y',z) of a lamina are referred through a clockwise rotation about z to  
the fixed coordinate axes (x, y, z) of the laminate. The laminae are stacked along z to  
form a laminate whose sides are normal to  x, y,  and z. Each lamina is given a layer 
number m. 
Limiting the analysis to linear elastic materials, the constitutive relation for each 
lamina referred to the x, y, z coordinate system is 
c l l  c 1 2  c13 0 
c 2 2  c 2 3  0 
c3 3 0 
(symmetric) c4 4 
c16 
c 2 6  
c36 
c4 5 0 
c5 5 0 
c6 6 
where the elastic constants cij are related to  the nine orthotropic constants c!. through 
the well known transformation equations of References 9 and 10.' By associating the 
displacementsu, v, and w with x, y, andz, respectively, the strains for each lamina are 
defined as 
1J 
1. In using the transformation equations in References 9 and 10 substitute -6' for +6' since 
here the constants are referred to the unprimed coordinate axes of the laminate. 
2 
EXm = q x m  fzm = w,zm 
where the comma denotes partial differentiation. 
Loading and Field Quantities 
Consider a laminate loaded by bending about y at the ends x = constant. 
Assuming that the laminate is long enough in the x-direction and that Saint-Venant’s 
principle holds for a laminate, the resulting stress distribution will be independent of x in 
regions sufficiently removed from the areas of loading. Using this assumption and 
following Lekhnitskii [ 1 11, the elastic strain-stress relations can be integrated to yield 
displacements for each lamina of the form 
um = (C,y + c , z  + C,)X + um(y,z> 
1 
2 
vm = - - c , x 2  + c,xz + v y y ,  z) 
( 3 )  1 
2 
wm = - - c, x2 - c,xy + Wm(y, z) , 
where Um, Vm, and Wm are unknown functions of y, z. The layer number, m, is left off 
the constants Ci because it results that each Ci must be the same for every lamina in 
order to satisfy the displacement continuity conditions at the interfaces. Thus, the Ci are 
found to be properties of the entire laminate. The displacement equations ( 3 )  represent 
the full three-dimensional elasticity solution that holds for all points in the laminate. 
To evaluate the Ci, the scheme is as follows. Since equations ( 3 )  hold for all 
points in the laminate, they must converge to the plane stress solution, which is an exact 
solution, in the interior region of the laminate. Integrating the relation [ 10,121 
ei = B!.M. + zD!.M ; i, j = 1, 2, 6 
1J J 1J J 
3 




v = - - D i 6 M x z  - (B;,M + D’,,Mz)y + g(z) 
1 1 1 
ps 2 2 2 
w = -D; ,Mx2 + - Di6Mxy + - Di2My2 + f*(x) + g*(y) , (4b) 
where B!. and Dij are laminate properties defined in Appendix A, and M is the applied 
moment. Comparing equations (3) and (4b) leads to  the results: 
1J 
and 
+ Wm(Y, z) 
1 
2 v  
Wm(y, z) + - - D y2 , 
where’ 
B, = -BklM , B, = -Bk1M , and D, = -Di2M . (7) 
2. The extended forms (6) for Um, Vm, and Wm are not necessary to the solution. 
4 
Substituting the results (6) into equations (3) yields displacements of the following 
functional form for each layer 
um = (C2z + C,)x + (Bu + C4z)y + Um(y, z) 
vm = C4xz + (B, + D,z)y + Vm(y, 2 )  
1 1 
2 2 
wm = - ~- C2x2 - C ~ X Y  - -- D,y2 + Wm(y, Z) , 
where Ci, Bi, and D, are defined by equations (5) and (7). The strains are found by 
substituting the displacements (8) into the strain relations (2). The stresses then follow 
directly using the constitutive relation (1). 
It is of interest to examine the strain exm which is 
exm = c2z  + c, (9) 
Should the laminate be a balanced composite, i.e., the laminae are symmetrically stacked, 
according to composition and orientation with respect to the midplane z = 0, then Bij = 
0 and from equations ( 5 )  C, = 0, which results in a case of pure bending. For the 
opposite case, an unbalanced composite exhibits an extensional strain, C, , in bending. 
Such coupling effects are common to laminated composites. 
Field Equations and Boundary Conditions 
In regions sufficiently removed from the load planes, the nonboundary points 
must satisfy the reduced equilibrium equations 
(Tm + c z , z  = 0 Y,Y 
5 
where the stresses exhibit no xdependence, which conforms to  an earlier assumption. 
Substituting for the stresses in terms of displacements yields the field equations for each 
lamina 
The boundary conditions on the free surfaces normal to y are 
and on the free surfaces normal to  z are 
For continuity at the interfaces, the boundary conditions are: 
and 
respectively. 
It is noted that the corner conditions are ambiguous in that there are five possible 
conditions out of which only three can be employed at any one time. The remaining two 
may or may not be satisfied by the solution. Thus, combinations may be tried until some 
satisfying results are achieved. 
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F IN ITE-D I F FER ENCE S IM U LATlON 
Function Representation 
The mathematical basis for the finite-difference method is Taylor's Series. 
Referring to  Figure 2, the Taylor Series expansion for a function f at some point y, z 
about the point (or node) I, J is 
Thus, for the specific node 1-1, J ,  the expansion is 
Writing similar expansions for the remaining seven points' neighboring the node I, J and 
simultaneously solving expansions for the first and second derivatives yields the 
finite-difference approximations for these derivatives. All but the last of these 
expressions, given below, are taken from Forsythe and Wasow [ 131. They are 
hz - h1 f(1, J )  + O(h2) h f(I + 1, J) - 2 f(I - 1 ,  J) 1 
h, +-G[s hl  f,y(I, J) = 
f(1, J + 1) - f(1, J - l ) ]  + O(h2) 
1 1 2 
- f(I + 1, J)  + - f(I - 1, J )  f(1, J)  + 0(h2) 2 
hl +h, [h, hl  f,yy(I, J)  = 
f(1, J + 1) + f(1, J - 1) - 2f(I, J ) ]  + O(h2) 
f(I + 1, J + 1) - f(I - 1, J + 1) - f(I + 1, J - 1) 1 f,yz(I, J) = 
+ f(I - 1, J - l ) ]  + O(h2) , 
7 
where h is an order of magnitude equal to  h l  , h 2 ,  or h3. The difference equations (1 7) 
are “central” differences. 
At boundaries and interfaces it is convenient to  use “forward” and “backward” 
differences. Such difference equations are one-sided in that they express a boundary 
point in terms of neighboring points interior to the boundary. For the present problem, 
only first derivatives are of concern. 
To derive such difference equations, expand two points, both lying on one side of 
the reference point I, J, by using equation (15) in conjunction with Figure 2. For 
example, a forward expansion yields 
1 
2 
f(I + 1 ,  J) = f(I, J) + hzf,y(I, J )  + - 1122f,yy(I, J) + O(hz3) 
(18) 
1 
2 f(I + 2, J) = f(1, J) + 2hzf,y(I, J )  + - (41iz2) f,yy(I, J )  + O(hz3) . 
Subtracting one expression from the other to eliminate the second derivative leads to the 
difference equation for the first derivative. Thus, the forward differences are 
4f(I + 1, J )  - 3f(I, J) - f(I + 2, J )  - O(hz2) 1 
4f(I, J + 1) - 3f(I, J) - f(1, J + 2) - O(h3’) 1 
Similarly, the backward differences are 
3f(I, J) + f(I - 2, J )  - 4f(I - 1, J) + O(hi2) 1 
3f(I, J) + f(1, J - 2) - 4f(I, J - 1) + O(h3’) . (20) 1 
It should be pointed out that more simplified, but less accurate, forward and backward 
expressions can be written; however, the present application requires all the accuracy that 
it is possible to attain near the free boundaries. Thus, the higher order difference was 
chosen. In addition, this choice yields a magnitude of error equal to that found in 
equations ( 17). 
8 
Using the representations just obtained, equations (1 1) through (14) can be 
transformed into difference equations characterizing the problem. For example, the last 
equation in (1 1) becomes 
h1h2 { ( c g  + c z )  [U(I + 1 ,  J + 1) - U(I - 1, J + 1 )  - U(I + 1, J - 1) 
fh,(hl + h2) 
+ U(1 - 1, J - 1)l + ($3 + c;) [V(I + 1, J + 1) 
1 - V(I - 1, J + 1) -V(I  + 1, J - 1) + V(I - 1, J - l ) ]  
+ . -  2h1 cT4[W(I + I ,  J) + W(I - I ,  J)] 
hl  + h2 hl  
+ hlb cy3 [W(I, J + 1) + W(1, J - 1)l 
h3 
where the layer number, m, is left off U, V, and W since their location is determined by 
the node I ,  J. 
Developing the Matrix Equation 
In this section, the difference equations, like (21), are transformed into a linear 
matrix equation of the form 
where A is an N X N coefficient matrix (N being the number of unknowns or equations), 
X is the solution vector, and €3 is the load or input vector. To accomplish this, the three 
unknowns (U, V, and W) must be uniquely collapsed into the single unknown X so that 
at each node three unique equations in X will be created. For instance, let 
9 
at Node 2 . (23) 
u +. X(4) 
v +. X(5) 
W +. X(6) 
at  Node 1 
u +. X(1) 
v +. X(2) 
w +. X(3) 
It remains to generalize such a transformation for all nodes. 
I t  is convenient to follow Pipes [ 11 and his notation is adopted. If LAT is the 
number of nodes in one column along the vertical axis (LAminate Thickness direction), 
then the nodes, unknowns, and equations can be identified by a unique number in terms 
of the nodal position (I, J). If 
JJ1 = 3[LAT(I - 1) + J ]  - 2 , (24) 
then 
NODE = LAT( I - 1) + J 
U(1, J)  = X(JJ1) 
V(1, J) = X(JJ1 + 1) 
W(1, J)  = X(JJ1 + 2) 
and 
Number the 1st equation: JJI  
Number the 2nd equation: JJ1 + 1 
Number the 3rd equation: JJ1 + 2 
Letting I = 1 and J = 1, 2 consecutively generates the results in (23). 
Since the finite-difference equations involve unknowns at nodes neighboring the 
JJ1 node, it is necessary to develop transformation relations like (24) in order to number 
unknowns at these nodes as well. For example, using I, J as the reference node, a 
10 
transformation relation for an unknown at the node I - 1, J + 1 is found by letting I + I 
- 1 and J + J + 1 in (24) and giving the result a unique name, for example 557. Thus, 
JJ7 = 3[LAT(I - 2) + J ]  + 1 . (27) 
Using Table 1, which identifies all the unknowns at nodes neighboring I, J, and following 
the above procedure yields the transformation relations that uniquely number each 
unknown. In summary, all of these transformations are 
JJ1 = 3*(LAT*I1 + J) - 2 
552 = 3*(LAT*I2 + J) - 2 
553 = 3*(LAT*I2 + J) - 5 
554 = 3*(LAT*I + J) - 2 
JJ5 = 3*(LAT*I + J) + 1 
556 = 3*(LAT*I1 + J) + 1 
557 = 3*(LAT*I2 + J) + 1 
558 = 3*(LAT*I1 + J) - 5 
JJ9 = 3*(LAT*I + J) - 5 
JJlO = 3*(LAT*I1 + J) - 8 
J J l l  = 3*(LAT*(I + 1 )  + J) - 2 
5512 = 3*(LAT2'Il + J) + 4 
5513 = 3*(LAT*(I - 3) + J )  - 2 7 
where 
I l = I - l  
I 2 = 1 - 2  
TABLE 1. NODE IDENTIFICATION 
Node 
I, J 
I - 1 , J  
I -  1, J - 1 
I + l , J  
I + l , J + l  
I , J + 1  
I - l , J + 1  
1 , J - 1  
I + l , J - 1  
1 , J - 2  
I + 2 , J  
I , J + 2  
















X(JJ1 + 1) 
X(JJ2 + 1) 
X(JJ3 + 1) 
X(JJ4 + 1) 
X(JJ5 + 1) 
X(JJ6 + 1)  
X(JJ7 + 1)  
X(JJ8 + 1) 
X(JJ9 + 1 )  
X(JJ l0  + 1) 
X(JJ11 + 1) 
X(JJ12 + 1) 
X(JJ13 + 1) 
~ 
W 
X(JJ1 + 2) 
X(JJ2 + 2) 
X(JJ3 + 2) 
X(JJ4 + 2) 
X(JJ5 + 2) 
X(JJ6 + 2) 
X(JJ7 + 2) 
X(JJ8 + 2) 
X(JJ9 + 2) 
X(JJ10 + 2) 
X(JJ11 + 2) 
X(JJ12 + 2) 
X(JJ13 + 2) 
Generation of the matrix equation (22) now remains. To do this, straightforward 
substitution for U, V,  and W, using Table 1, into equations (1  1) through (14) yields the 
desired results in equation form. For example, equation (21) becomes 
h1h2- { ( c z  + c E )  [X(JJ5) - X(JJ7) - X(JJ9) + X(JJ3)] 
2h3(hl + h 2 )  
+ (cy3 + cE) [X(JJ5 + 1) - X(JJ7 + 1) - X(JJ9 + 1) 
+ X(JJ3 + i ) ]  } + 2h1 __ c z  [X(JJ4 + 2) + X(JJ2 + 2)] 
h l  + h2 hl 




- ~ ( C Z  + -7cf i )  X(JJ1 + 2) 
= -hlh2[cf iC2 + cy3DD, + 2cp6C4] . (30) 
To assure non-zero diagonal terms in the A-matrix, an appropriate equation number for 
(30) is JQ2 (in this case there is only one possibility) where 
JQ2 = JJ1 + 2 . (31) 
Now, from equation (30), the only nonzero elements for the JQ2 row in the A-matrix 
are 
A(JQ2, JJ5) = A(JQ2, 553) = C 
A(JQ2, 557) = A(JQ2, JJ9) = -C 
A(JQ2, JJ5 + 1) = A(JQ2, 553 + 1 )  = D 
A(JQ2, 557 + 1) = A(JQ2, JJ9 + 1) = -D 
A(JQ2, 554 + 2) = 2 h l c z / ( h 1  + h,) 
A(JQ2, 552 + 2) = (h,/h1). . 2h1 CF!./(hl + h2) 
A(JQ2, 556 + 2) = A(JQ2, 558 + 2) = h l  h,cy3/h, 
A(JQ2, JJ1 + 2) = - 2 ( ~ z  + hl  h z ~ Z / h 3 ~ )  , 
13 
where 
D = h l h z ( c z  + cE) /2h3(h l  + h,) . (33) 
Note that the material constants cy4 and cy3 are non-zero ensuring a non-zero 
diagonal element A(JQ2, JJ1 + 2). In addition to  this, the load vector is 
B(JQ2) = - h l h z [ c E C z  + c E D V  + 2c$C4J . (34) 
Of course, these results only apply to node numbers where the third equilibrium 
equation in ( 1  1) holds. The computer program logically connects appropriate equations 
with each node. The matrix elements for the remaining equations (1 1) through (14) are 
generated in a similar fashion. 
The Mesh Simulation 
The continuum is to  be simulated by a number of nodal points that form a 
finite-difference mesh. The mesh is distributed over a cross section of the laminate as 




FSW 1 : 
K: 
H: 
the number of laminae 
the number of nodes along one column in the LAminate 
Thickness direction 
the number of nodes along one row in the LAminate Width 
direction 
the first change in nodal spacing termed Fine Simulation 
Width 
magnification factor of the fine simulation width 
the fine simulation width 
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Given these parameters, the following parameters can be determined: 
INF(M): values of J at the upper INterFace of the mth layer 
FSW2: the second change in nodal spacing 
KH : the coarse simulation width (K = 1 ,  2, 3,  ...) 
JQMAX = 3”LAT”LAW: the number of unknowns or equations 
IBW = 2*(3*LAT + 1): the half bandwidth 
NBAND = 2’RIBW + 1: the full band 
The bandwidth of the coefficient matrix is found by considering that the maximum 
number of nodes involved in the difference equations is three, as can be seen from 
expressions (1 9) and (20), and calculating the maximum number of consecutive elements 
on both sides of the diagonal to and including the last off-diagonal non-zero element. 
Selecting equations representing the conditions to be imposed at each node 
remains to be accomplished. Because of the arbitrariness of the corner conditions, a 
number of choices are possible. Those selected for this program are illustrated in Figure 
4. 
A user’s guide and a more detailed description of the computer program are 
presented in Appendix C. A program listing is provided also in Appendix C. 
RESULTS 
The results given below were obtained using a square mesh, magnification factor 
K = 1, of size (LAW, LAT) = (13, 9). A complete mesh description, taken from the 
program output, is displayed in Table 2. It is seen that these dimensions represent a beam 
rather than a plate. The program was run on an IBM 370 computer utilizing virtual 
storage. 
A single material having properties typical of a high modulus graphite-epoxy was 
chosen for the above mesh. Using standard notation, 
- E l  = 20.0 X I O 6  psi , v I 2  = v 1 3  - v Z 3  = 0.21 
E Z 2  = E,, = 2.1 X lo6  psi 
G l 2  = G13 = G 2 3  = 0.85 X lo6 psi , 
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TABLE 2. MESH DESCRIPTION TAKEN FROM PROGRAM OUTPUT 
where the subscript “1 ” refers to the fiber direction. The two laminate configurations 
which are considered are 
A = [ e ,  0, 0,  e l  
and 
B = [o, e ,  6 ,  01 
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with 8 as in Figure 1 such that 0 degree < 8 < 90 degrees. Typical laminate data and 
load constants are displayed in Table 3.3 Here the additional constant MT is the resulting 
moment required to produce a specified maximum strain which, for the present analysis, 
is ex = 1 .O X 1 0-3 inch/inch (see Appendix B). 
A sample of the results for the displacement functions U, V, and W is presented 
in Table 4. Examination of their variation with respect to z reveals the apparent 
symmetry relations, 
U, V antisymmetric in z 
W symmetric in z 
within an accuracy of two digits. 
Symmetries with respect to  y are evident for the strains within three-digit 
accuracy. Samples of these results are plotted in Figures 5 and 6. Coupling these apparent 
symmetries with the strain relations (2) in an expanded form yields 
U, V antisymmetric in y 
W symmetric in y 
The displacement results verify this precisely for U (to four places), but show some 
deviation in V and W.4 
To illustrate the effect of bending on the stress distribution, Figures 7 through 19 
are presented. Although convergence to the exact values has yet to be demonstrated, the 
results do have qualitative merit. The following cases result from a bending strain of e x =  
1.0 X inch/inch prescribed at the bottom surface. 
Of principal interest are the interlaminar stresses illustrated in Figures 7 through 
12. We note that laminates composed of 30 degree or 45 degree layers produce the 
greatest stress rise in uz at the free edge with a more pronounced effect occurring if the 
angle plies are on the outside, i.e., system A = [ e ,  0, 0,  8 I . A similar effect is seen in the 
shear stress T although the rise in stress is sharply blunted by the requirement of zero 
3. The thermal problem is neglected in this preliminary analysis even though expansion 
coefficients appear in the program. 
YZY 
4. It is interesting to note that the y-symmetries for V and W are verified precisely using the 
coarser mesh (LAW, LAT) = (8, 9) which decreases the relative size of the bandwidth. 
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TABLE 3. TYPICAL LAMINATE DATA AND LOAD CONSTANTS TAKEN 
FROM PROGRAM OUTPUT 
TABLE 3 .  (Concluded) 
TABLE 4. DISPLACEMENT FUNCTION RESULTS TAKEN FROM 
PROGRAM OUTPUT FOR LAMINATE DESCRIBED IN 
TABLES 2 AND 3 
L C  3 E  I-01 < P L A C E M E N T  V - P I S P L A C E Y E Y T  W - 0 I 5 p L A C E M E N7 
-0 .9358040-05  
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stress at the free edge, and here the stress in system B = [O,  8, 8, 01 is slightly more 
pronounced than that in A. The largest stress rise, an order of magnitude greater than oZ 
and rYz, is created in the A-system in T ~ ~ .  Again it is the 30 degree laminate incurring 
the sharpest stress rise, but here the 15 degree laminate overshadows the 45 degree 
laminate. In summary, the laminates containing 15 degree through 45 degree layers 
located adjacent to  0 degree layers have the largest interlaminar stresses for the cases 
considered; i.e., 0 degree < 8 G 90 degrees taken in 15 degree intervals. 
Some results peculiar to  the numerical method of solution should be pointed out. 
Referring to  Figure 9, we note a sharp rise in the stress uz at the midpoint node (I, J) = 
(5, 7). This is a result of fixing the displacements at I = 5 and 6, J = 7 in the program in 
order to zero-out rigid body motion and drift in the solution routine. However averaging 
the values for ( T ~  just above and just below the interface (at J = 7, m = 2 and m = 3) 
yields a more plausible result. Since the tractions must be continuous at the interface 
anyway, this averaging technique was also applied at the free edges where the free surface 
conditions were adopted in Leu of the continuity conditions. This technique had varying 
success as illustrated by the 75 degree and 90 degree configurations in Figures 10 and 11. 
The in-plane stresses are illustrated-in Figures 13 through 19. In Figure 13, we 
find that ox in the 0 degree layers is independent of the orientation of the adjacent layer 
when the maximum strain is specified.' Ths  facilitates the presentation of both systems 
A and B in one figure. It is interesting to nr,te in Figure 14 that uX rises at the free edge 
if the 0 degree layers are outside the laminate and drops if these layers are inside the 
laminate. 
Observation of Figures 15 and 17 for the distribution of cry and T with respect 
to z reveals that the off-axis layers, particularly again for 15 degrees through 45 degrees, 
serve as stress raisers with the effect considerably more pronounced if the 0 degree layers 
are inside. 
XY 
Typical distributions of ay  and T with respect to  y are shown in Figures 18 and 
19. The disturbing feature of these plots is that the stresses just above an interface do 
not approach zero at the free surface. One cause of this problem is the placement of 
nodes directly on the interface, which requires their occupation by both layers. Then at 
the corners, as stated previously, the multitude of boundary conditions cannot be 
satisfied.6 However this problem is confined to  the free surface nodes and one line of 
XY 
__ . .. 
5. In agreement with the beam theory approximation. 
6. Placing the interface between two nodal lines may alleviate this problem. 
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interior nodes. To see this, one may examine the curves for the A-system at J = 4- and J 
= 10+ and note that they are reflections of each other within the range 3 < I < 7. Since, 
from above, ay and T appear, in general, to be antisymmetric in z, the correct values at 
J = 10+ are recovered within this range if we accept the values at J = 4-. 
XY 
CONCLUSIONS 
Although only two types of laminate systems were considered, namely A = [ e ,  0, 
0, e ]  and B = [0, 8, 8, 01, i t  is reasonable to  assume from these results and from 
physical considerations that the following symmetry relations hold for balanced (Bi, = 0) 
composites: 
U, V antisymmetric in y and z 
W symmetric in y and z Y 
where U, V, and W are displacement functions of y and z. Based on the stress results, 
laminates containing layers oriented within the range 15 degrees < 8 < 45 degrees 
produce the largest interlaminar stresses out of the cases studied, 0 degrees < 8 < 90 
degrees taken in 15 degree intervals. In fact this same group of laminates produces high 
values in the in-plane stresses as well, with the effect considerably more pronounced for 
the A-system. Although some deviations in stress occur in the numerical solution, they 
are localized to a double line of nodes at the boundary. This is a disconcerting feature of 
the solution in that the boundary region stresses appear to be critically involved in 
delamination-type failure, which makes their accurate determination desirable. 
This study provides a base for future work in this area. Using the present program 
coupled with an out-of-core equation solver routine, unbalanced laminates may be 
studied. Using the symmetry relations discussed above, the present computer program 
may be modified to more efficiently handle balanced laminates (Bij = 0). 
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Figure 2. Finite-difference mesh. 
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I = 1  I = FSWl = 4  I * FSW2 = 8 I = LAW = 11 
Figure 3. A typical laminate mesh. 
I 
\ 
J = l  
v 
M z M 
J 
m = l  
a = O  
Y 
7 = o  
YZ 
7 = o  
XY 
az = rxz = r = 0 
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m = 4  
J = INF (3) 
m = 3  
m = 2  
\ ~~ ~ I I 
uz = Txz = 7 = 0 
YZ 
1 = 1  I =  
*AT INF(m) WHERE 1 < I < LAW AND 1 < m < NLAY: 
illm, vm, wml - [""+I, ,m+l, ,m+l] 
STATIC EQUILIBRIUM IS IMPOSED AT ALL INTERIOR POINTS 














10, 15, 15, 01 
- 
rvz AT J = 4+ 
E, AT J = 4+ 
-2.0 
eZ AT J = 1 I 
-2.5 L r  I 1  1 I I I 
1 2 3 4 5 6 7 8 !  
I 
Figure 5. Variation of strain with y. 
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[O, 15, 15; 01 
I 
Figure 6. Variation of shear strain with y. 
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36 t 
28 J = 10 
-48 361 
I 
J = 4  
5 6 7 8  
I 
Figure 7. Variation of the normal stress uz (symmetric in y) with y 
for a [e, 0, 0, 191 laminate. 
29 
I 
Figure 8. Variation of the normal stress oZ (symmetric in y) with y 
for a [0, 8 ,  8, 01 laminate. 
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Figure 9. Numerical peculiarities in the normal stress ( J~ .  
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Figure 10. Variation of the shear stress T~~ (antisymmetric in y) 
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Figure 11. Variation of the shear stress rYz (antisymmetric in y) 
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ox (psi x io3)  
Figure 13. Variation of the normal stress ox (antisymmetric in z) with z for each layer 
with respect to position where the adjacent layer is oriented at 0 = 0 degree. 
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A T m = 1  
[e, 0.0. el 
e = 1 5 O  
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7 4 5 O  
I 1 I 
6 7 8 9  
Figure 14. Variation of the normal stress ox (symmetric in y) with y. 
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uV (psi x lo2) 
Figure 15. Variation of the normal stress u (antisymmetric in z) Y 






10, e, e, 01 AT I = 3 
6 -  
5 -  m = 2  
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uV (psi x lo2) 
Figure 16. Variation of the normal stress u (antisymmetric in z) Y 
with z for a [O, 8, 8 ,  01 laminate. 
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Figure 17. Variation of the shear stress T~~ with z. 
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Following Reference 9 or 10, define 
and let t be the half-thickness of the laminate, h, the thickness of a lamina, and N the 




- 3 N 




with i, j = 1, 2, 6. Finally, let 
A* = A-' B* = -A-'B , and D* = D - BA-'B 
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where the letters symbolize 3 X 3 matrices. Then, 
and 






Rather than prescribe the laminate' loading as end moments, the maximum strain, 
exmaX, at the top and bottom surfaces, z = kzmax, will be prescribed. From equation (9), 
we have 




B', + D', zmax 
C z = - -  . - 
* 
In the computer program, we set exmaX = -1.0 X 
+zmax to evaluate the constant C, which represents the inverse bending radius. 
inch/inch at the top surface z = 
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APPENDIX C 




The computer program is an in-core program and is not overlayed. It is felt that a 
flow chart of the program would be no less complicated than the presentation of a listing 
with an accompanying explanation, so the latter choice will be followed. Certain 
statements in the program are extraneous to the problem in this report because the 
program is in steady transition t o  handle more general problems. A part-by-part 
description follows. 
Part I. Part I contains a brief definition of terms and an explanation of the order 
and format of the data cards. The dimensions of the data are: H is in inches, E is 
material constants in psi (the shear moduli G I 2 ,  etc., are read into the E12, etc., arrays), 
ALPHA is the coefficient of expansion in inches/inch/"F, and THETA is the lamina 
orientation in angular degrees. Precision and dimension statements are then established, 
data are read in, and mesh parameters are' calculated. The letter M refers to  the layer 
number. In the loop, DO 9000, IRAN counts each laminate layup from one to IRUN 
(only changes in lamina orientation are allowed for within this loop). 
Part 11. Part I1 calculates the anisotropic stiffness matrix. BETA is in radians. 
CP11, etc., are the orthotropic elastic constants in the primed coordinate system. 
Cll(M), etc., are the anisotropic elastic constants for the Mth lamina in the x, y, z 
coordinate system. ALlP(M), etc., are the coefficients of thermal expansion in the 
primed coordinate system and ALl(M) are those coefficients in the x, y, z coordinate 
system, both the the Mth lamina. Finally, the sabroutine MATCON, which calculates the 
laminate MATerial CONstants, is called. 
Part 111. Part 111 calculates the coefficient matrix for the difference equations. 
The loops DO 100 and DO 101 count through the mesh node-by-node. DO 3000 zeroes 
out the A-matrix. 
The logic that associates the various field conditions with each node and correctly 
fills out the A-matrix is contained in DO 102. First the node I,  J is tested to determine 
the proper layer number, M. Then the node is checked to see if i t  lies on a boundary, 
along J equals a constant, or lies at some select position (in this case, IMID or JMID). If 
it does, the program is routed to the statement number that contains the non-zero matrix 
elements satisfying the conditions imposed at this node. Should the node not lie at any 
of these preselected locations, the program passes through the IF statements on J to 
statement number 193, which initiates a series of checks to see if the node lines on 
selected values of I. These values include the boundaries I = 1 or I = LAW, the changes in 
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nodal spacing I = FSWl or I = FSW2, and all points in the region between FSWl and 
FSW2. Should the node not lie at any of these locations, the program passes through the 
IF statements on I and evaluates the non-zero coefficients for the only remaining 
possibility, the equilibrium terms for a square mesh. 
When a node does lie on some select location, say J equals LAT, then the logic in 
that statement series, say the series starting from statement number 202, guides the 
program through the checks on selected values of I in a fashion similar to  that above. 
The logic is easily understood by reading directly from the listing. 
Upon reaching statement number 102, the A-matrix (3 X JQMAX) is full. The 
elements of the A-matrix lying within the bandwidth are then stored in the banded 
matrix AX. The loops DO 100 or DO 101 then continue for the next node, if any. The 
previous A-matrix is destroyed and regenerated for the new node until the loop DO 100 
is satisfied. 
At rewind 9, the matrix AX and the load vector X are stored for later use. The 
loop DO 107 stores the load vector X(1) in AX(1, NBD). Then a series of WRITE 
statements (listed as comments) will output the coefficient matrix AX and load vector X 
should they be desired. Finally, the solver routine, TRMSTR, is called.’ 
Part IV. Part IV outputs the functional displacements and provides an accuracy 
check. Just below statement number 4006, the STOP 1 statement will terminate the 
program if the coefficient matrix AX is singular. (Such an occurrence probably indicates 
an error.) The loop DO 108 stores the solution vector AX(1, 1)  in X(1). Then the original 
values of the matrix AX and load vector X are read back into the AX array and R 
vector, respectively . 
The loops DO 1 1  and DO 12 output the values for the functions U(y, z), V(y, z), 
and W(y, z) which occur in the displacements u, v, and w, respectively. 
The series of statements from the one above 9950 to 9990 outputs the accuracy 
results. These results provide the difference between the original load vector, now stored 
in the R-array, with the calculated load vector, which is found by substituting the 
appropriate solution vectors, X(I), into each matrix equation. In addition to giving the 
accuracy of each equation, an average accumulated accuracy is provided. 
Part V. Part V outputs the strains and stresses. The logic is similar to that in Part 
Ill. Knowing that the finite-difference relations for the strains differ for various mesh 
locations, the strains are split into terms dependent upon the value of I and terms 
dependent upon the value of J. The strain SX, which represents qX, depends upon neither 
the value of I nor the value of J and is determined prior to any logical branching. 
7. Actually the AX-matrix stores a transposed A-matrix; Le., instead of storing row elements 
crosswise or in a row, they are stored in the AX-matrix vertically or in a column. The result 
is a drastic reduction in “wall-time” on the 1BM 370. This necessitated a slight revision in 
the solver routine, TRIMSS, as written by Billy Gibbs, U.S. Army, Redstone Arsenal [ 14 J . 
So here it is called TRMSTR or TRIMSS transposed. 
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First, the node is checked t o  determine its location with respect to  I, and 
I-dependent strains (or the partial strain, SYZI) are calculated. Then the loop DO 392 
establishes the correct layer number, My in order to check if J lies on the interface, 
INF(M). Upon determining the correct location of the node with respect to  J,  the 
J-dependent strains (or the partial strain, SYZJ) are calculated. Statement number 39 1 
totals the partial strains to obtain SYZ. The stresses are then calculated in a straight 
forward manner using equation (1). Note that the stresses are calculated twice at 
interface nodes, once for the material below the interface and again for the material 
above. 
Part VI. The subroutine MATCON calculates the MATerial CONstants Cj, BUY 
BV, and DV as defined earlier in the text. 
Part VII. The subroutine MAMULT is a MAtrix MULTiplier and is easily 
understood from the listing. 
Part VIII. The subroutine MATIN4 is a MATrix INversion routine which is 
described in Reference 14. 
Part IX. The subroutine TRMSTR is the equation solver which is described in 
the listing. 
Part X. The subroutine RITE is used to WRITE out a matrix or vector. 
Program Listing 
I 
The complete listing of the program is contained in the following pages. 
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JOMAX I S  T H E  NUMBER O F  UNKNOWNS OR E Q U A T I O N S  TO B E  SOLVED. 00000010 
A I S  A FULL M A T R I X  1 3  X J Q M A X )  R E P R E S E N T I N G  E A C H  NODE. 00000020 
AX I S  T H E  B A N D E D  M A T R I X  l N B A N O + l  X JQMAX) .  00000030 
X I S  T H E  L O A 0  VECTOR. A F T E R  T R I M S S  X BECOMES T H E  S O L U T I O N  VECTOR. 00000040 
00000050 
I F  THE NUMBER OF L A Y E R S  E X C E E D  6, T H E  COMMON /MC/ A N 0  D I M E N S I O N  l E l l r 0 0 0 0 0 0 6 0  
E 2 2 ,  ETC.) S T A T E M E N T S  MUST B E  R E O I M E N S I O N E O  T O  AGREE W I T H  LAT.  00000070 
REMEMBER T O  P L A C E  A COMMON /MC/ S T A T E M E N T  I N  S U B R O U T I N E  MATCON. 000000B0 
00000090 
U S E  THE F O L L O W I N G  ORDER F O R  D A T A  CARDS 00000100 
00000110 
D A T A  C A R D  NO. D A T A  FORMAT 00000120 
1 NLAY,  LAT I  LAW, F S W l t  K 5110 00000130 
2 H G12.5 00000140 
3 E l l ,  E 2 2 9  E 3 3 ,  E 1 2 r  E 1 3 1  E 2 3  8612.5 00000150 
4 N U 1 2 1  N U 1 3 1  N U 2 3  BG12.5 00000160 
5 A L P H A  1 P R I M E ,  A L P H A  2 PRIME,  A L P H A  3 P R I M E  8612.5 00000170 
NOTE, R E P E A T  CARDS OF T H E  T Y P E  3 1  4, 5 FOR E A C H  A D D I T I O N A L  L A Y E R  00000180 
6 SXMAX. C 3 E  10610.3 00000190 
7 I RUN 5 1  10 00000200 
8 T H E T A ( 1 ) .  T H E T A ( 2 ) .  T H E T A l 3 ) r  ETC. 10G10 .3  00000210 
00000230 
00000240 
I N T E G E R  P, F S W l r  FSWZ 00000250’ 
DOUBLE P R E C I S I O N  TEST,  R t  ERR, AVEI D T  00000260 
00000270 D O U B L E  P R E C I S I O N  AX, X 
DOUBLE P R E C I S I O N  CM, CN. CM4. CN4,  CM3N9 CN3Mv CM2, CNZI G N U 2 1 7  00000290 
1 G N U 3 1 9  GNU32. O E T t  C P l l r  C P 2 2 ,  C P 3 3 r  C P 1 2 r  C P 1 3 r 0 0 0 0 0 3 0 0  
2 C P 2 3 r  C P 4 4 ,  C P 5 5 r  C P 6 6  00000310 
00000320 
0000 0330 D I M E N S I O N  A X ( 1 6 2 r 3 5 1 ) i A ( 3 , 3 5 1 ) t  X ( 3 5 1 ) r  R ( 3 5 1 )  
00000340 
COMMON /MC/  C l l ( 6 )  ~ C 1 2 1 6 ) ~ C l 6 ( 6 ) ~ C 2 2 ( 6 ) r C Z b ( b ) r C 6 6 ( 6 ) r C 1 3 ( 6 ~ ~  00000350 
1 C 2 3 1 6 ~ , C 3 6 1 6 ~ , C 4 4 ~ 6 ~ r t 4 5 ( 6 ~ r C 5 5 ( 6 ~ r C 3 3 ( 6 ~ ~ A L l ~ 6 ~ ~ A L 2 l 6 ~ ~  00000360 
2 A L 3 ( 6 ) , A L 6 ( 6 ) . C 2 t C 3 , C 3 E , C 4 , 0 U , D U , 8 V , D V 1 H 1 S X M A X ~ N L A Y ~ 1 N F ~ 6 )  00000370 
NOTE,  R E P E A T  C A R D  8 FOR E A C H  A D D I T I O N A L  LAYUP.  00000220 
o o u a L E  PRECISION THETA.  B E T A  00000200 
D I M E N S I O N  E l l l 6 ~ r E 2 2 l 6 ~ ~ E 3 3 ~ 6 ~ ~ E l 2 ~ 6 ~ r E 1 3 ~ 6 ~ . E E 3 ( 6 ~ ~ G N U l 2 l 6 ~ ~  
1 G N U 1 3 ( 6 ) , G N U 2 3 ( 6 ) , T H E T A ( 6 ) ,  A L l P ( 6 ) r  A L Z P ( 6 1 r  A L 3 P ( 6 )  
TEMP = 0.0 
W R I T E l 6 , 6 O O l  
R E A O I ~ ~ ~ O ~ ) N L A Y ~ L A T I L A W I F S W ~ ~ K  
FSWZ=LAW-FSW 1+1 
JQMAX = 3 * L A W + L A l  
I B W  = 2 * ( 3 * L A T + l )  
I 8 W l  = I B W + l  
N B A N D  = 2*18W+1 
W R I T E ( ~ , ~ O ~ ) N L A Y I L A T , L A W , F S W ~ * F S W ~ ~ K  
L A T l Z L A T - 1  
I M I D  = ( L A W + l ) / Z  
J M I O  = ( L A T + l ) / Z  

















0 0 0 0 0 5 4 0  
0 0 0 0 0 5 5 0  
00000560 
0 0 0 0 0 5 7 0  
0 0 0 0 0 5 8 0  
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0 0 5 9  
0 0 6 0  
0061 
0 0 6 2  
0063 
I V  G 1  R E L E A S E  2.0 M A I N  D A T E  = 75007 08/16/07 
I N F ( M ) = l + M * L A T l / N L A Y  
W R I T E ( 6 r 6 0 8 ) M I I N F ( M l  
5 0 1  C O N T I N U E  
C 
C N O T E  T H A T  I N F ( N L A Y )  E Q U A L S  L A T  AND IS N O T  AN A C T U A L  INTERFACE.  
C 
R E A D ( 5 . 6 0 3 )  H 
H R I T E ( 6 . 6 0 7 1  H 
HSQ = H**2 
C 
C 
W R I T E ( b e 6 0 4 )  
DO 500 M = l . N L A Y  
R E A O ~ 5 r 6 0 3 1 E 1 1 ~ M ~ r E 2 2 ~ M ~ ~ E 3 3 ~ M l r E 1 2 ( M ~ ~ E l 3 ~ M ~ ~ E Z 3 ~ M ~  
R E A 0 ( 5 r 6 0 3 ) G N U l Z ~ M ) ~ G N U l 3 ( M ) 1 G N U 2 3 ( M )  
W R I T E ( 6 v 6 0 5 1  M t  E l l ( M ) r  E 2 2 ( M ) 9  E 3 3 ( M ) r  E 1 2 ( M ) r  E 1 3 1 M ) r  E 2 3 ( M ) ,  
R E A O ( 5 r 6 0 3 ) A L l P ( H ) r  A L 2 P ( M ) r  A L 3 P ( M )  
1 G N U 1 2 ( M ) e  G N U 1 3 ( M ) *  G N U 2 3 ( M )  
500 C O N T I N U E  
C 
R E A D ( 5 . 6 0 6 )  SXMAX. C 3 E  
R E A O ( 5 . 6 0 1 )  I R U N  
C 
OD 9000 I R A N  = 1, I R U N  



























0 0 0 0 0 8 4 0 
C 0 9 * 4 ~ b 9 ~ * f ~ L 4 t * 0 4 ~ ~ ~ ~ * ~ ~ * ~ * ~ * * * * * * 4 * * * * * * * * * * * 4 * * ~ * ~ ~ * ~ * * ~ ~ * * * ~ ~ ~ * ~ ~ * ~ ~ 0 0 0 0 0 8 5 0  
C 00000860 
C C A L C U L A T I O N  OF A N I S O T R O P I C  S T I F F N E S S  M A T R I X  TERMS R E F E R R E D  T O  XIYIZ 00000870 
C 00000880 
C 9 6 4 * 4 ~ 4 + ~ t C 4 4 t ~ 4 4 ~ f ~ ~ * ~ ~ * ~ ~ ~ ~ * * * * * * * * * * * * * * * * 4 4 * * * * * * * * * * * ~ * * * * ~ ~ ~ ~ * * ~ ~ 0 0 0 0 0 8 9 0  
C 00000900 
W R I T E ( 6 . 6 1 3 )  00000910 
x x  = 0.0 00000920 
00000930 DO 3001 M = l , N L A Y  
B E T A  = . 0 1 7 4 5 3 2 9 2 5 1 9 9 4 3 3 0 0 * T H E T A ( M )  00000940 
00000950 CM=OCOS ( B E T A )  
C N = O S I N ( B E T A )  00000960 
I F ( D A B S ( C M ) . L T . l . E - O B )  CM = 0 -  00000970 
I F ( O A B S ( C N ) . L T . l , E - O 8 )  C N  = 0. 00000980 
CM4=CM**4  00000990 




CNZ=CN**2  0000 1040 
GNU21=GNU12(M)*E22(M)/Ell(M) 00001050 
GNU31=GNU13(M)*E33(M)/Ell(M) 00001060 
G N U 3 2 = G N U 2 3 1 M ) * E 3 3 ( M ) / E 2 2 ( M )  00001070 
DET=l.-GNUlZIMl*GNU2l-GNU23(M)*GNU32-GNUl3(M)*GNU31 00001080 
1-2 . *GNU12(M)4GNU23(M)*GNU31 00001090 
C P l l = E l l ( M ) * ( l . - G N U 2 3 ( M ) * G N U 3 2 ) / D E T  00001100 
CP22=E22(M)*(l.-GNU13(M)*GNU31)/0ET 00001 110 




C P 4 4 = E 2 3 ( M )  00001160 
49 
































D A T E  = 75007 08/16/07 I V  G 1  R E L E A S E  2.0 M A I N  
C P 5 5 = E  13( M 1 











00001 2 80 C44(M)=CMZ*CP44+CNZ*CP55 
C 4 5 ( M ) = C M * C N * ( C P 5 5 - C P 4 4 1  00001290 
C55(H)=CNZ*CP44+CMP*CP55  00001300 
00001310 C 3 3 ( M ) = c P 3 3  
C 00001 320 
0000 1330 C 
Ctl****8tt9+**4*+1+9***************4************************************00001340 
C 00001350 





A L Z ( M I = C N 2 * A L l P ( M ) + C M i ! * A L Z P ( M )  
A L 3 ( M ) = A L 3 P I M )  
AL6(M)=Z.*CM*CN*(ALlP~M)-ALZP(M)) 
W R I T E ( 6 . 6 2 0 )  MI C l l ( M I v  C 1 2 ( M ) *  C 1 3 ( M ) v  X X v  XXI C 1 6 ( M ) r  C P l l r  
C 
1 C P l Z r  C P 1 3 r  X X v  X X v  XXI C 2 2 ( M ) *  C 2 3 L M ) r  X X v  X X v  
2 C 2 6 ( M ) v  C P 2 2 r  C P 2 3 r  XX, XXI X X v  C 3 3 ( M ) r  XX, XXI 
3 C 3 6 ( M ) .  C P 3 3 1  XXI XXI XXI T H E T A l N ) .  C 4 4 1 H l r  C 4 5 1 M ) i  
4 XX, C P 4 4 .  XX, XX, C 5 5 ( M ) .  XX. C P 5 5 .  XX, C 6 6 ( M ) .  C P 6 6  
C 
3001 C O N T I N U E  
C 
C 

















00 503 M = l , N L A Y  00001550 
00001 560 W R I T E L 6 , 6 1 4 )  M t  T H E T A ( M ) i  A L l ( M ) v  A L Z ( M I 9  A L 3 l M ) r  A L 6 1 M ) v  
00001570 1 A L l P ( M ) ,  A L Z P ( M ) v  A L 3 P ( M )  





















































D A T E  = 75007 RELEASE 2.0 MAIN 
C 
DO 3000 I M  = K J l r  KPZ 
A(IHlJM1 = 0. 





Z = l F L O A T ~ J l - ~ F L O A T ~ L A T 1 + 1 . ) / 2 . ) * H  
NODE = L A T * I l + J  
JJ1 = 3 * ( L A T * I l + J I - 2  
J J 2  = 3*(LAT*IZ+J1-2 
J J 3  3 * lLAT* IZ+J1-5  
J J 4  = 3 * ( L A T * I + J I - 2  
J J 5  = 3 * ( L A T * I + J l + 1  
J J 6  = 3 * ( L A T * l l + J I + l  
J J 7  = 3 * ( L A T * 1 2 + J I + l  
J J 8  3 * ( L A T * I l + J 1 - 5  
JJ9  3 * I L A T * I + J l - 5  
J J l O  = 3 * ( L A T * I l + J 1 - 8  
J J l l  =3+(LAT* (  I + l l + J l - 2  
JJ12 =3*( LAT* I  1 + J l + 4  
JJ13 = 3 * ( L A T * ( I - 3 l + J l - 2  
C 
JQ1 = J J 1 + 1  
JQ2 = JJ1+2 
00 102 M = l r  NLAY 
IF(M.EP.l.ANO.J.GT.INF(1)) GO T O  102 
C 
IF(M.EQ.11 GO TO 192 
I F ~ J . L E . I N F ~ M - l I . O R ~ J ~ G T ~ I N F ~ M 1 1  GO TO 102 
192 IFIJ.EQ.11 GO TO 200 
0 8 / 1 6 / 0 7  
IF~I.EQ.IMIO.AND.J.EQ.JM~O1 GO TO 203 
IF(I.EQ.IMID+l.ANO.J.EQ.JMIOI GO TO 203 
IF(J.EQ.LAT1 GO TO 202 
IF(J.EQ.INF(MI1 GO TO 201 
C 
C SHOULD J EQUAL NONE OF THE ABOVE,  CONTINUE ON BELOW TO STATEMENT 193 
C 
193 IF(I.EQ.11 GO TO 194 
IFLI.EQ.FSWl.OR.I.EQ.FSW21 GO T O  195 
IF(I.LT.FSW2.ANO.I.GT.FSWlI GO TO 197 
IF(I.EP.LAW1 GO T O  198 
C 
C EQUILIBRIUM M A T R I X  TERMS FOR A SQUARE MESH, Hl=HZ=H3=H 
C 
A ( K J l v J J 1 1  =-B.* (C66(Ml+C55(MI l  
A ( K J l r J J 2 1  = 4.+C66lM) 
A ( K J l . J J 4 1  = 4 . * t66 (M l  
A ( K J l r J J 6 1  = 4.*C55(Ml 
A (KJ l . JJ81  = 4.*C55lMl 
A ( K J l v J J l + l I  = -8 . * (C26(M l+C45(M l I  
A ( K J l 1 J J 2 + 1 I  = 4.*C26(MI 
A (  K J l .  J J 4 + 1  I 4.*C26( MI 
A(KJ l , JJ6+11  = 4.9C45lMl 
A IKJ l , JJ8+11  = 4.4C451MI 













































































































[ V  G I  RELEASE 2.0 MAIN DATE = ,75007 
C 
A (KJ l l JJ3+21  = C 
A ( K J l r J J 5 + 2 )  = C 
A ( K J l v J J 7 + 2 )  = -C 
A ( K J I v J J 9 + 2 )  = -C 
X I J J 1 )  = 0. 
A ( K P l r J J 1 )  -8 .* (C26(M)+C45(M))  
A(KQl .JJ2)  = 4.*C26(M) 
A(KQl .JJ4)  = 4.*C261M) 
A (KP l . JJ6 )  = 4.+C45(M) 
A(KQ1,JJB) = 4.*C45(M) 
A ( K Q l r J J 2 + 1 )  = 4.*C22(M) 
A(KQ11JJ4+1)  = 4.*C221M) 
A(KQl ,JJ6+1)  = 4.*C44(M) 
A (KQl , JJ8+1)  = 4.*C44(M) 
0 = C23(M)+C44(M) 
A (KQl , JJ3+2)  = 0 
A(KQl , JJ5+2)  = 0 
C 
C 
A ( K Q l . J J l + l )  = -8 .* (C22(M)+C44(M))  
C 
C 
A l K Q l r J J 7 + 2 1  = -0 
A ( K Q l y J J 9 + 2 )  = -D 
C 
C 
X ( J 8 1 1  = 0. 
A(KQZ.JJ3) = C 
A(KQZ.JJ5) = C 
A(KQ21JJ7)  = -C 
A(KQ2.JJ9) -C 
A(KQZVJJ3+1)  = 0 
A(KQZ1JJ5+1J = 0 
A lKQ2rJJ7+1)  = -0 
A(KQZvJJ9+1)  = -0 
A(KQ2vJJ1+2)  = -8 . * (C44(M)+C33 lM) )  
A(KQZ,JJ2+2) = 4.*C44(MJ 
A(KQ2,JJ4+2)  = 4.9C44LMJ 
A(KQZIJJ6+21 = 4.*C33(M1 
A lKQZVJJ8+2)  = 4.*C33(M) 
X I J Q Z )  = -4.*(C13(M)*C2 + C23(M)*OV + Z.*C36(M)*C41*HSQ 
GO TO 102 
C 
0 8 / 1 6 / 0 7  
C 
C FREE SURFACE M A T R I X  TERMS FOR 1=1 AN0 J NOT EQUAL TO 1. I N F  OR LA7 
C 
194 A ( K J l r J J 1 )  3 -3.*C66(M) 
A ( K J l v J J 4 )  = 4.*C66lMI 
A ( K J 1 v J J 1 1 ) = 
A ( K J l . J J l + l )  = -3.*C26(M) 
A ( K J l , J J 4 + 1 )  = 4.*CZb(M) 
A ( K J l r J J 1 1 + 1 )  = -C26(M) 
A I K J l * J J 6 + 2 )  = C36(M) 
-C 66 ( M ) 
A ( K J ~ , J J B + Z )  = -C36(M) 
C 
A ( K Q l y J J 1 )  = -3.*C26(MI 













































































































I V  G1 RELEASE 2.0 M A I N  DATE = 75007  06 /16 /07  
A ( K P l r J J l 1 )  = -C26(H) 
A I K Q l r J J 1 + 1 )  = -3.*C22(M) 
A ( K P l r J J 4 + 1 )  = 4.*C22(M) 
A ( K P l r J J 1 1 + 1 )  = -C22(Ml 
A(KQl,JJ6+2) = C 2 3 t H )  
A ( K P l r J J 8 + 2 )  = - C 2 3 ( H )  
C 
A(KQ2.JJ6) = C45(M) 
A(KQ2vJJ8)  = -C45(M) 
A(KP2,JJ6+1) = C441M) 
A ( K P ~ I J J ~ + ~ )  - C 4 4 ( M )  
A(KP2,JJ1+2) = -3.*C44(M) 
A(KQZrJJ4+2)  = 4.*C44lM) 
A(KQ2vJJ11+2) = - C 4 4 ( M )  
CY1 = C12(M)*C3 + C22(M)*BV + C26(Ml*BU 
CY2 = C12(M)*C2 + C22(M)*OV + 2.*C26lM)*C4 
CXYl  = C l6 (M) *C3  + C26(M)*BV + C661M)*BU 
CXY2 = C l6 (M) *C2  + C26(M)*OV + 2.*C66(M)*C4 
C 
X ( J J 1 )  = -2.*H*(CXYl + CXY2*Z) 
X(JP1)  = -2.*H*(CYl + CY2*Z) 
X(JP2)  = 0. 
GO TO 102 
C 
195 H1 = H 
H2 = FLOAT(Kl*H 
H3 = H 
IF(I.NE.FSW21 GO T O  196 
H1 = FLOAT(K)*H 





HR = HH/(l .+HHI 
HHl  = H1/H3 
HHZ = H2/H3 
HH3 = Hl*H2 
HMU = HHltHH2 
GO TO 199 
C 
197 H 1  = FLOAT(K)*H 
H2 = H 1  
H3 = H 
GO TO 196 
C 
C FREE SURFACE MATRIX TERMS FOR I=LAW AN0 J NOT EQUAL TO 1, INF OR L A 1  
C 
198 A ( K J 1 , J J l I  = 3.*C66iM) 
A ( K J l . J J 2 )  = -4.*C66(M) 
A ( K J l r J J 1 3 )  = C66(M) 
A ( K J l . J J l + l )  = 3.*C26(M) 
A l K J l r J J Z + l )  = -4.*C26lM) 
A(KJl ,JJ13+1)  = C26(M) 
A (KJ l , JJ6+2)  = C36(M)  





























































i .  
53 
O A T €  = 75007 F O R T R A N  I V  G 1  R E L E A S E  2.0 M A I N  
0235 A ( K P 1 , J J l )  = 3 . * C 2 6 ( M )  
0237 A ( K Q l . J J 1 3 )  = C 2 6 ( M )  
0238 A ( K Q l . J J l + l )  = 3 . * C 2 2 ( M )  
0239 A ( K Q l , J J 2 + 1 )  = - 4 . * C 2 2 ( M )  
0240 A ( K P l r J J 1 3 + 1 )  = C22ct-l) 
0241 A ( K C l l r J J 6 + 2 )  = C 2 3 1 M I  
0242 A ( K Q l * J J 8 + 2 )  = - C 2 3 ( M I  
0243 A ( K P 2 . J J 6 )  = C 4 5 ( M )  
0244 A ( K Q 2 v J J 8 )  = - C 4 5 ( M I  
0245 A ( K Q 2 , J J 6 + 1 )  = C 4 4 ( M )  
0246 A ( K P Z , J J 8 + 1 )  = - C 4 4 ( M )  
0247 A ( K P 2 , J J 1 + 2 1  = 3 . *C44(M)  
0248 A ( K P 2 r J J 2 + 2 )  = - 4 . * C 4 4 ( M )  
0249 A ( K P Z . J J 1 3 t Z )  = C 4 4 ( M )  
0 2 5 0  C Y 1  = C 1 2 ( M ) * C 3  + C 2 2 ( M ) * B V  + C 2 6 ( M ) * 8 U  
0251 C Y 2  = C 1 2 ( M ) * C 2  + C 2 2 ( M ) * D V  + Z . * C 2 6 ( M ) * C 4  
0 2 5 2  C X Y l  = C l 6 ( M ) * C 3  + C 2 6 ( M ) * B V  + C 6 6 ( M ) * B U  
0 2 5 3  C X Y Z  = C 1 6 ( M ) * C 2  + C 2 6 ( M ) * O V  + 2 . * C 6 6 ( M ) * C 4  
0 2 5 4  X ( J J 1 )  - 2 . + H + ( C X Y l  + C X Y 2 * Z )  
0 2 5 5  X ( J Q 1 )  = - Z . * H * ( C Y l  + C Y 2 * Z )  
0256 X ( J Q 2 )  = 0. 
0 2 5 7  GO TO 102 
C 
C E Q U I L I B R I U M  M A T R I X  TERMS F O R  A V A R I A B L E  MESH, H l r  H 2  t H3 
C 




0 2 5 8  199 A ( K J l r J J 1 )  = - 2 . * ( C 6 6 l M ) + H M U * C 5 5 ( M ) )  
0259 A ( K J l . J J 2 )  = 2 . *HR*C66(M1 
0 2 6 0  A ( K J l r J J 4 )  = Z . * C 6 6 ( M ) / ( l . + H H )  
0 2 6 1  A ( K J l . J J 6 )  = H M U * C 5 5 ( M )  
0262 A ( K J l . J J 8 )  = H M U * C 5 5 ( M )  
0 2 6 4  A ( K J l , J J Z + l )  = 2 . * H R * C 2 6 ( M )  
0 2 6 5  A ( K J l , J J 4 + 1 )  = 2 . * C 2 6 ( M ) / ( l . + H H )  
0 2 6 6  A ( K J ? . J J 6 + 1 )  = H M U * C 4 5 ( M )  
0267 A ( K J l , J J 8 + 1 )  = H M U * C 4 5 ( M l  
0268 C = HHl*HR*(C36(M)+C45(M))/2. 
0 2 6 9  A ( K J l r J J 3 + 2 )  = C 
0 2 7 0  A ( K J l , J J 5 + 2 )  = C 
0263 A ( K J l , J J l + l )  = - Z . * ( C 2 6 ( M ) + H M U * C 4 5 ( M ) )  
C 
C 
0 2 7 1  A ( K J l * J J 7 + 2 )  = -C 
0272 A ( K J l * J J 9 + 2 )  = -C 
0273 A ( K P l r J J 1 )  = - 2 . * I C 2 6 ( M ) + H M U * C 4 5 ( M ) )  
0 2 7 4  A ( K P l . J J 2 )  = 2 . * H R * C 2 6 ( M )  
0 2 7 5  A ( K Q l . J J 4 )  = Z . * C 2 6 ( M I / ( l . + H H )  
0 2 7 6  A ( K Q l . J J 6 )  = H M U + C 4 5 ( H )  
0277 A ( K Q l . J J 8 )  = H M U * C 4 5 ( M )  
0 2 7 8  A ( K Q l * J J l + l )  = - 2 . * ( C 2 2 ( M ) + H M U + C 4 4 ( M ) l  
0279 A ( K Q l , J J 2 + 1 1  = Z . *HR*C22(M)  
0 2 8 0  A ( K Q 1 1 J J 4 + 1 )  = 2 . * C 2 2 ( M ) / ( l . + H H )  
0281 A ( K O l , J J 6 + 1 )  = H M U * C 4 4 ( M )  














0000 3 5 90 
00003600 
00003610 
0 0 0 0 3 6 2 0  









0 0 0 0 3 7 2 0  
0 0 0 0 3 7 3 0  
00003740 
0 0 0 0 3 7 5 0  











































0 2 9 1  
0292 
0293 







































2.0 MAIN DATE 75007 
0 = HHl*HR*lC23(M)+C441M))/2. 
A ( K P l r J J 3 + 2 )  = 0 
A lKQl rJJ5+2)  = D 
A ( K P l r J J 7 + 2 )  = -D 
A ( K P l r J J 9 + 2 )  = -0 
A(KQZ1JJ3) = C 
A(KQ2rJJ5)  = C 
AlKP2rJJ7 )  = -C 
A l K P 2 r J J 9 )  -C 
A(KQ2,JJ3+1) = D 
AIKP2,JJ5+1) = 0 
AIKQZ*JJ7+1)  7 -D 
A(KQZ*JJ9+1) = -0 
AIKQ2rJJ1+2)  = -Z.+IC441M)+HMU*C331M)) 
A1KQZ1JJ2+2) = 2.*HR*C44lM) 
A lKQ2rJJ4+2)  = Z.*C441M)/Il.+HH) 
A lKP2 .JJb+Z) = HMU*C331M) 
AIKQZ1JJ8+2) = HMU*C33(M) 
X l J J 1 )  = 0. 
IFI I .EO.1) GO TO 210 
1FII.EP.LAW) GO TO 211  
C FREE SURFACE M A T R I X  T E R M S  FOR I BETWEEN 1 AND LAW AN0 J = l .  
C 
A l K J l v J J l )  = -3.*C55(M) 
A ( K J l v J J 1 2 )  = -C55(M) 
A l K J l r J J l + l )  = -3.*C45(M) 
AIKJ11JJ6+1)  = 4.*C45(M) 
A ( K J l r J J 1 2 + 1 )  = -C45(M) 
A I K Q l r J J 1 )  = -3.*C45(M) 
A ( K Q l r J J 1 2 )  = -C45lM) 
A I K Q l . J J I + l )  = -3.*C44(MI 
A ( K Q l r J J 6 + 1 )  = 4.4C44IM) 
A ( K Q l r J J 1 2 + 1 )  = -C44(M) 
A(KQ2.JJ1+2) = -3.*C33(M) 
A (K021JJ12+2)  = -C33(M) 
AIKJ1,JJb) = 4.*C55(Ml 
C 
C 
A(KQl . JJ6 )  = 4.*C451M) 
C 
C 
AIKQ2,JJ6+2) = 4.*C33(M) 
C 
C Z 1  = C13 lM)*C3 + C23(M)*BV + C36(M)*BU 
CZ2 = C13(Ml*C2 + C23(H)*DV + Z.*C36(M)*C4 
X ( J J 1 )  0. 
C 





























































5 5  

























0 3 5 1  
0 3 5 2  
0 3 5 3  
0 3 5 4  
0 3 5 5  
0356 
0357 
0 3 5 8  









I V  G 1  R E L E A S E  2.0 M A I N  O A T E  = 75007 
I F ( I . E Q . F S W 1 1  GO TO 206 
IF( I .EP.FSW2)  GO TO 206 
IF(I.GT.FSWl.ANO.I.LT.FSW2) GO TO 209 
C 
C I F  I IS B E T W E E N  1 A N 0  F S W l  OR BETWEEN F S W 2  A N 0  LAW, 
C 
A ( K J l r J J 2 + 2 )  = - C 4 5 ( M )  
A ( K J l , J J 4 + 2 1  = C 4 5 ( M l  
A ( K Q l r J J 2 + 2 )  = - C 4 4 ( M )  
C 
A ( K P l , J J 4 + 2 )  = C 4 4 ( M l  
C 
A ( K Q 2 r J J 2 )  = - C 3 6 ( M )  
A ( K Q Z . J J 4 )  = C 3 6 ( M l  
A ( K Q 2 y J J 2 + 1 )  = - C 2 3 ( M )  
A ( K Q 2 , J J 4 + 1 1  = C 2 3 ( M )  
GO TO 102 
C 
C C A S E  WHERE I = F S W l  OR FSWZ A N 0  J = l  
C 
206 X K  = F L O A T i K )  
01 = Z . * ( X K - l . ) / X K  
D2 = Z . * X K / ( X K + l . )  
D 3  = Z . / ( ( X K + l . ) * X K I  
I F ( I . E Q . F S W 2 )  GO T O  207 
C 
A ( K J l r J J 1 + 2 )  = D l * C 4 5 ( M I  
A ( K J l r J J 2 + 2 )  - D 2 * C 4 5 ( M )  
A ( K J l , J J 4 + 2 )  = D 3 * C 4 5 ( M )  
A ( K Q l . J J l + Z )  = D l * C 4 4 L M )  
A ( K Q l r J J 2 + 2 )  = - 0 2 * C 4 4 ( M )  
A ( K Q l r J J 4 + 2 )  = 0 3 * C 4 4 ( M )  
C 
C 
A ( K Q 2 , J J l )  = D l * C 3 6 ( M )  
A ( K Q Z v J J Z 1  = - D Z * C 3 6 l M )  
ALKQZ.JJ4)  = 0 3 * C 3 6 ( M )  
A ( K Q Z r J J 1 + l )  D l * C 2 3 ( M )  
A ( K Q Z r J J 2 + 1 )  = - D 2 * C 2 3 ( M )  
A ( K Q Z r J J 4 + 1 )  = D 3 * C Z 3 ( M )  
GO T O  102 
C 
C 
207 A ( K J l 1 J J 1 + 2 )  = - D l * C 4 5 l M )  
A ( K J l r J J 2 + 2 )  = - D 3 * C 4 5 ( M )  
A L K J l r J J 4 + 2 )  = O Z * C 4 5 ( M )  
A ( K Q l r J J 1 + Z )  = - D l * C 4 4 ( M )  
A ( K Q l q J J 2 + 2 )  = - D 3 * C 4 4 ( M )  
A ( K Q l r J J 4 + 2 1  = D 2 * C 4 4 ( M I  
A ( K Q 2 7 J J l )  = - D l * C 3 6 1 M )  
A ( K Q Z . J J 2 )  = - D 3 * C 3 6 L M )  




A ( K Q Z r J J 1 + 1 1  = - D l * C 2 3 ( M )  



























































0 0 0 0 5 2 2 0  
56 















I V  G 1  R E L E A S E  2.0 M A I N  D A T E  = 75007 
A ( K P Z I J J 4 + l )  = 0 2 * C 2 3 ( M )  
GO TO 102 
C 
C C A S E  WHERE I I S  BETWEEN F S W l  A N 0  FSWZ A N 0  J = l  
C 
209 XK = F L O A T ( K )  
A ( K J l r J J 2 + 2 1  = - C 4 5 ( M ) / X K  
A ( K J l p J J 4 + 2 )  = C 4 5 ( M ) / X K  
A ( K P l . J J Z + Z )  = - C 4 4 ( M 1 / X K  
A ( K P l , J J 4 + 2 )  = C 4 4 ( M ) / X K  
A ( K Q 2 r J J 2 1  = - C 3 6 ( M ) / X K  
C 
C 
A l K Q Z . J J 4 )  = C 3 6 ( M ) / X K  
C 
A I K Q 2 , J J 2 + 1 1  = - C 2 3 ( M ) / X K  
A ( K P 2 , J J 4 + 1 )  = C 2 3 ( M ) / X K  
GO TO 102 
C 
C F R E E  S U R F A C E  M A T R I X  TERMS FOR I = J = 1  
C 




































A ( K J l r J J 4 1  = 4 . + C 6 6 ( M )  
A ( K J l r J J 1 1 )  = - C 6 6 ( M )  
A ( K J l . J J l + l )  = -3 . *C26(M)  
A ( K J l , J J 4 + 1 )  = 4 . + C Z b ( M l  
A ( K J l y J J l l + l )  = - C 2 6 1 M )  
A ( K J l r J J l + Z )  = -3 . *C36(M)  
A ( K J l v J J l Z + Z )  = - C 3 6 1 M )  
A ( K Q l r J J 1 )  = - 3 . * C 2 6 ( M )  
A ( K Q l . J J 4 )  = 4 . * C 2 6 ( M )  
A ( K Q l r J J 1 1 )  = - C 2 6 ( M )  
A ( K O l r J J l + l )  = - 3 . * C 2 2 ( M )  
A l K Q l r  JJ4+1) = 4 . * C 2 2 ( M )  
A ( K Q l ~ J J l l + l )  = - C 2 2 ( M )  
A ( K Q l , J J l + Z )  = -3 . *C23(M)  
A ( K Q l r J J l Z + Z )  = - C 2 3 ( M )  
A ( K Q Z r J J 1 )  = - 3 . * C 4 5 ( M )  
A ( K Q 2 r J J 1 2 )  = - C 4 5 l M I  
A ( K P 2 , J J l + l l  = -3 . *C44(M)  
A ( K O 2 , J J 6 + 1 )  = 4 . *C44(M)  
A ( K Q 2 v J J 1 2 + 1 )  = - C 4 4 ( M )  
A ( K P 2 , J J 1 + 2 )  = - 3 . * C 4 4 ( M )  
A ( K 0 2 , J J 4 + 2 )  = 4 , *C44(M)  
A ( K Q Z , J J 1 1 + 2 )  = - C 4 4 ( M )  
C Y 1  = C 1 2 ( M ) * C 3  + C 2 2 ( M ) * B V  + C 2 6 l M l * 8 U  
C Y 2  = C 1 2 ( M ) * C 2  + C 2 2 ( M ) * D V  + Z . * C 2 6 ( M ) * C 4  
C X Y l  = C l 6 ( M ) * C 3  + C 2 6 ( M ) * B V  + C 6 6 ( M ) * 8 U  
C X Y 2  = C l 6 ( M ) * C 2  + C 2 6 I M ) W V  + Z . * C 6 6 l M ) * C 4  
A ( K J l , J J 6 + 2 )  = 4 . * C 3 6 ( M )  
A ( K Q l , J J 6 + 2 )  = 4 . * C 2 3 ( M )  
A ( K O Z . J J 6 )  = 4 . * C 4 5 ( M )  
X ( J J 1 )  = - 2 . * H * I C X Y l  + C X Y 2 * Z )  



























































0 0 0 0 5 8 0 0  
57 
F O R T R A N  I V  G 1  R E L E A S E  2.0 M A I N  D A T E  = 75007 
0413 X I J Q Z )  = 0. 
0414 GO T O  102 
C 
C F R E E  S U R F A C E  M A T R I X  TERMS F O R  J=l A N D  I = L A H  
C 









0 4 2 4  
0 4 2 5  
0 4 2 6  
0 4 2  7 
0 4 2 8  
0429 
0430 
0 4 3 1  
0 4 3 2  
0433 
0 4 3 4  
0 4 3 5  
0436 
0437 
0 4 3 8  
0 4 3 9  
0440 
0441 
0 4 4 2  
0443 
0444 





0 4 5 0  
0 4 5 1  
0 4 5 2  
0453 
0 4 5 4  
0 4 5 5  
0 4 5 6  
0 4 5 7  
0458 







A ( K J ~ ; J J Z )  = -4 . *C66(M)  
A ( K J l . J J 1 3 1  = C 6 6 ( M )  
A l K J l T J J 1 + 1 1  = 3 . * C 2 6 l M )  
A ( K J l r J J 2 + 1 1  = - 4 . * C 2 6 l M )  
A l K J l r J J 1 3 + 1 )  = C 2 6 l M l  
A ( K J l r J J 1 + 2 1  = - 3 . * C 3 6 ( M l  
A ( K J l , J J 6 + 2 )  = 4 . * C 3 6 ( M I  
A l K J l r J J 1 2 + 2 )  = - C 3 6 ( M )  
A I K Q l . J J 1 )  = 3 . * C Z 6 l H l  
A ( K Q l V J J 2 )  = - 4 . * C 2 6 ( M I  
A ( K Q l v J J 1 3 1  = C 2 6 l M l  
A I K Q ~ T J J ~ + ~ I  5 3 . * C 2 2 l M )  
A ( K Q l . J J Z + l )  = - 4 . * C 2 2 l M l  
A ( K Q l , J J 1 3 + 1 1  = C 2 2 ( M )  
A I K Q l , J J l + Z )  - 3 . K 2 3 I M l  
A ( K Q l , J J 6 + 2 1  = 4 . * C 2 3 l M )  
A ( K Q l . J J l Z + Z l  = - C 2 3 ( M )  
A I K Q Z v J J l )  = - 3 . * C 4 5 ( M )  
A I K P 2 , J J l Z l  = - C 4 5 l M l  
A ( K Q Z v J J 1 + l l  = - 3 . * C 4 4 ( M I  
A ( K Q 2 , J J 1 2 + 1 )  = - C 4 4 ( M )  
A ( K Q 2 r J J 2 + 2 1  = - 4 . * C 4 4 ( M I  
A ( K Q Z * J J 1 3 + 2 1  = C 4 4 ( M )  
C Y 1  = C 1 2 l M ) + C 3  + C 2 2 ( M ) * B V  + C 2 6 ( M l * B U  
C Y 2  = C 1 2 1 M ) * C 2  + C 2 2 ( M l * O V  + Z . * C 2 6 I M l * C 4  
C X Y l  = C l 6 ( M ) * C 3  + C 2 6 ( M l * B V  + C 6 6 l M l * B U  
C X Y Z  = C 1 6 l M ) * C 2  + C 2 6 l M l * O V  + Z . * C 6 6 ( M I * C 4  
X I J J 1 1  = - 2 . * H * ( C X Y l  + C X Y 2 * Z I  
X ( J P 1 1  = - 2 . * H * ( C Y l  + C Y Z * Z l  
X ( J Q 2 1  = 0. 
GO T O  102 
A I K Q 2 . J J 6 )  = 4 . * C 4 5 l H l  
A ( K Q 2 , J J 6 + 1 1  = 4 . * C 4 4 ( M l  
A ( K P 2 , J J l + Z )  = 3 . * C 4 4 ( M l  
P = M + l  
I F ( I . E Q . 1 )  GO TO 2 2 0  
I F I I . E Q . F S W 1 )  GO TO 2 2 1  
IF~I.LT.FSW2.ANO.I.GT.FSWl~ GO TO 2 2 2  
I F ( I . E Q . F S W 2 1  GO TO 221  
1 F l I . E Q . L A W )  GO TO 2 2 3  
08/16/07 
00005810 




















0 0 0 0 6 0 2 0  
00006030 
00006040 

















0 0 0 0 6 2 2 0  
0 0 0 0 6 2 3 0  
00006240 
0 0 0 0 6 2 5 0  
00006260 
00006270 
000 06 2 80 
0 0 0 0 6 2 9 0  
0 0 0 0 6 3 0 0  
00006310 
00006 370 t. ~~~ ..~_. 
C M A T R I X  TERMS A T  I N T E R F A C E  FOR I BETWEEN 1 AND F S W l  OR FSWZ AND LAW 00006330 
C 00006340 
00006350 A I K J l r J J 1 )  = 3 . * ( C 5 5 ( M l + C 5 5 ( P I l  
A ( K J l . J J 6 1  = - 4 . * C 5 5 l P l  0 0 0 0 6 3 6 0  
A ( K J 1 , J J B I  = - 4 . r C 5 5 1 M )  00006370 

















































2.0 M A I N  
AlKJl.JJl21 = C55(Pl 
AIKJl.JJ1+11 = 3.*lC45lMl+C45lPll 
AIKJlrJJ6+11 = -4.*C45lPl 
AIKJl.JJB+ll = -4.*C45lMl 
AIKJlrJJ10+11 = C45lMl 
AlKJlrJJ12+11 = C45lPl 
AIKJl.JJ2+21 = C45lPl-C45lMl 
AIKJlrJJ4+21 C45&Ml-C45lPI 
AIKQlrJJll = 3.*lC45(Ml+C45lPll 
AIKQlrJJ61 = -4.*C45lPl 
AIKQlpJJ81 = -4.*C45lMl 
AIKQl~JJ101 = C45lMl 
AlKQl1JJ121 = C45lPl 
AlKQl1JJ1+11 = 3.*(C441M1+C441P11 
AIKQl~JJ6+11 = -4.*C44lPl 
AIKPl~JJ8+11 = -4.*C44(Ml 
AIKC!l.JJlO+lI = C44lMl 
AIKQl.JJ12+11 = t44(P) 
A(KQl.JJZ+ZI = C44lPl-C44lMl 
AIKPl.JJ4+21 = C44lMl-C44lPl 
A(KQ2vJJZI C36lPl-C36lMl 
A(KQZrJJ41 = C36(Ml-C36lPl 
AlKQ2.JJZ+lI C23lPl-C23lMl 
AIKQZIJJ~+~I = C23lM)-C23lPl 
A(KQZ1JJ1+21 = 3.*1C33(Ml+C33lPIl 
A(KPZrJJ6+21 = -4.*C33lPl 
A(KQZ,JJ8+21 = - 4 . * C 3 3 l M l  
AIKQ2.JJ10+21 = C33lMl 
AIKQ2.JJ12+21 = C33lPl 







































CZ1 = (C13lPl-C13(Mll*C3 + lC23(P)-C231MIl*BV + ~C36~PI-C361Ml~*8U00006770 
CZ2 = lC13lPl-C13lMl~*C2+lCZ3lPl-C23lMl~*OV+2~*~C36lPl-C36~Mll*C4 00006780 
X ( J J 1 1  = 0. 
X(J811 = 0. 
X(JQ21 = Z.*H*(CZl + CZZ*ZI 
GO TO 102 
00006790 




nnnnhwn - - - - - . . - 












F R E E  S U R F A C E  P O I N T  I = l r  J = L A T  
A l K J l r J J l I  = -3.*C66lMl 
AIKJl*JJ41 = 4.*C66(Ml 
A(KJ1,JJllI = -C661Ml 
A(KJl,JJl+ll = -3.*C26lMl 
AIKJl,JJ4+11 = 4.*C26lMl 
AIKJ1.JJ11+11 = -C26(Ml 
























0 5 1 2  
0513 
0 5 1 4  












0 5 2 1  
C 





0 5 2 7  
C 
0 5 2 8  
0 5 2 9  
C 
0530 
0 5 3 1  










0 5 4 2  
0543 
0544 
0 5 4 5  
D A T E  = 75007 
A I K J l , J J B + Z )  = -4 . *C36(M)  
A l K J l , J J 1 0 + 2 )  = C 3 6 ( M )  
A I K Q l r J J l )  = -3.*C26(M) 
A l K Q l r J J 4 )  =4.*C261M) 
A ( K Q l r J J 1 1 )  = - C 2 6 l M )  
A ( K O l . J J l + l )  = -3 . *C22(M)  
A ( K Q l , J J 1 1 + 1 )  = - C 2 2 ( M )  
A ( K Q 1 1 J J 4 + 1 )  = 4 . *C22(M)  
A ( K Q l , J J l + Z )  = 3 . * C 2 3 l M 1  
A ( K Q l , J J l O + Z )  = C 2 3 l M )  
A ( K Q 2 , J J l )  = 3 . * C 4 5 ( M )  
A ( K Q 2 , J J l O )  = C 4 5 ( M )  
A ( K Q Z . J J l + l )  = 3 . * C 4 4 ( M )  
A I K Q Z 7 J J 1 0 + 1 )  = C 4 4 1 M )  
A I K Q l . J J B + Z )  = -4 . *C231M)  
A L K Q Z . J J 8 )  = - 4 . a C 4 5 I M )  
A ( K Q Z , J J 8 + 1 )  = - 4 . * C 4 4 ( M )  
A ( K Q Z . J J l + Z )  = - 3 . + C 4 4 ( M )  
A ( K Q Z , J J 4 + 2 )  = 4 . b C 4 4 1 M )  
A l K Q 2 , J J 1 1 + 2 )  = - C 4 4 ( M )  
C M A T R I X  TERMS A T  THE I N T E R F A C E  FOR J = I N F  A N 0  I = F S W l  OR I = F S W L  
C 
2 2 1  XK = F L O A T I K )  
01  = l X K - l . I / X K  
02  = X K / ( X K + l . )  
0 3  = l . / ( ( X K + l . ) * X K )  
A ( K J 1 , J J l )  = 3 . * ( C 5 5 l M l + C 5 5 ( P ) )  
A ( K J l v J J 6 )  = - 4 . + C 5 5 ( P )  
A ( K J l r J J 8 )  = -4 . *C551M)  
A l K J l . J J 1 0 1  = C 5 5 ( M )  
A ( K J l r J J 1 2 1  = C 5 5 l P )  
C 
C 
A ( K J l r J J 1 + l )  = 3 . * ( C 4 5 1 M ) + C 4 5 ( P ) )  
A ( K J l v J J b + l )  = - 4 . 4 C 4 5 1 P )  
A I K J l r J J B + l )  = - 4 - + C 4 5 ( M )  
A l K J l , J J 1 2 + 1 )  = C 4 5 l P )  
A ( K Q l r J J 1 )  = 3 . * 1 C 4 5 1 M )  + C 4 5 ( P ) )  
A ( K Q 1 1 J J 6 )  = - 4 . r C 4 5 I P )  




000 06 98 0 
00006990 
00007000 
















































0 000 74 9 0 






FORTRAN IV G1 RELEASE 2.0 M A I N  DATE = 75007 08/16/07 
i 
I 
















































00007550 A(KQlrJJ8) = -4.*C45(M) 
00007560 AIKQl.JJ10) = C45(M) 
A(KQltJJ121 = C45(Pl 00007570 
00007580 
00007590 A(KQl,JJl+l) = 3.*(C44(M)+C441P)) 
00007600 A(KQlrJJ6+1) = -4.4C44(P) 
A(KQlvJJ8+1) = -4.4C44(M) 00007610 
A(KQlrJJ1O+l) = C44(M) 00007620 
A(KQl,JJ12+1) = C441P) 00007630 
00007640 
A(KQZ.JJl+Z) = 3.*(C33(M)+C33(P)) 00007650 
A(KQZ,JJ6+2) = -4.4C33(P) 00007660 
00007670 A(KQZ,JJ8+2) = -4.4C33(M) 
A(KQZ,JJ10+2) = C33(M) 00007680 
A(KQZrJJ12+2) = C33tPI 00007690 
00007700 
CZ1 = (C13(P)-C13(M))*C3 + (C23(P)-C23(M))*BV + LC36(P)-C361M))*BU00007710 
CZ2 = ( C 1 3 1 P ) - C 1 3 ( M ) ) * C 2 + ( C 2 3 ~ P l - C 2 3 ~ M ) ) o D V + 2 . * ~ C 3 6 ~ P ~ - C 3 6 ~ M ~ ~ * C 4  00007720 
00007730 
00007740 X(JJ1) = 0. 
00007750 X(JQ1) = 0. 
XIJQZ) = Z.*H~(CZL + czz*z) 00007760 
00007770 
C=C45( M)-C45( P )  0000 77 8 0 




IF(I.EQ.FSW2) GO TO 227 00007830 
00007840 
A ( K J l , J J l + E )  2.+Dl*C 00007850 
ALKJlvJJZ+Z) = -2.*DZ*C 00007860 
00007870 A(KJlvJJ4+2) = 2.*D3*C 
00007880 
A(KQlrJJ1+2) = Z.+Dl*D 00007890 
00007900 A(KQl,JJ2+2) = -2.9D240 
A(KQlrJJ4+2) i. 2.4D3tD 00007910 
00007920 
00007930 A(KQ2,JJl) = 2.*Dl*CC 
00007940 A(KQZvJJ2) = -2.*DZ*CC 
A(KQZ.JJ4) = 2.tD3bCC 00007950 
00007960 
A(KQZ~JJl+l) Z.*Dl+E 00007970 
AlKQZYJJ2+1) = -2 . *OZ*E 00007980 
00007990 A(KQE,JJ4+1) = 2.*D3*E 











227 A(KJl.JJl+Z) -Z.*Ol*C 
P(KJlvJJZ+E) = -2.*D34C 
A(KJlvJJ4+2) 5 2.0024C 
A(KQlrJJ1+21 = -2.*Dl*O 
A(KQlvJJ2+2) = -2.tD3*D 
AlKQlrJJ4+2) = 2.*02*0 
A(KQ2,JJl) = -2.*Dl*CC 
AIKQZvJJZ) = -2.*03*CC 
AIKQZvJJ4) = 2.*OZ*CC 
C 
C 

















0 5 9 4  
0 5 9 5  
0 5 9 6  
0 5 9 7  

















0 6 1 2  
0 6 1 3  
0614 
0 6 1 5  
0616 
0617 
0 6 1 8  
0619 





0 6 2 2  
0623 
C 
0 6 2 4  
0 6 2 5  
C 
A ( K Q Z * J J 1 + 1 )  = -2.*Dl*E 
A ( K Q 2 , J J 2 + 1 1  = -2.*D3*E 
A ( K Q Z , J J 4 + 1 )  = 2.*DZ*E 
GO T O  102 
C 
C M A T R I X  TERMS A T  AN I N T E R F A C E  FOR J = I N F  A N 0  I BETWEEN F S W l  AND FSWZ 
C 
222 X K  = F L O A T I K )  
0 6 2 6  
0627 
0 6 2 8  
0 6 2 9  
0630 
0 6 3 1  
0 6 3 2  




A ( K J 1 , J J l )  = 3 . * ( C 5 5 ( M ) + C 5 5 ( P ) )  
A ( K J l r J J 6 1  = - 4 . * C 5 5 ( P )  
A ( K J l v J J 8 1  = -4 . *C55(M)  
A ( K J l . J J 1 0 )  = C 5 5 ( M 1  
A ( K J l . J J 1 2 )  = C 5 5 ( P )  
A ( K J l r J J 1 + l )  = 3 . * ( C 4 5 ( M ) + C 4 5 ( P ) )  
A ( K J I v J J 6 + 1 )  = - 4 . * C 4 5 ( P )  
A l K J l t J J 8 + 1 )  = - 4 . * C 4 5 ( M l  
A ( K J I 1 J J 1 0 + 1 )  = C 4 5 ( M l  
A ( K J l t J J 1 2 + 1 )  = C 4 5 l P l  
A ( K J l r J J Z + Z )  = ( C 4 5 ( P ) - C 4 5 ( M ) ) / X K  
A l K J I , J J 4 + 2 )  = ( C 4 5 ( M ) - C 4 5 ( P ) ) / X K  
A ( K Q l . J J 1 )  = 3 . * ( C 4 5 ( M ) + C 4 5 ( P ) )  
A ( K Q l r J J 6 )  = - 4 . * C 4 5 ( P )  
A ( K P l r J J 8 )  - 4 . * C 4 5 1 M )  
A ( K Q l . J J 1 0 1  = C 4 5 ( M )  
A ( K Q l . J J 1 2 1  = C 4 5 ( P )  
A ( K Q l , J J l + l )  = 3 . 3 ( C 4 4 ( M ) + C 4 4 ( P ) )  
A L K Q l * J J 6 + 1 )  = - 4 . + C 4 4 ( P )  
A ( K Q l . J J B + l )  = - 4 . * C 4 4 ( H )  
A ( K Q l . J J l O + l )  = C 4 4 ( M )  
A ( K Q l r J J 1 2 + 1 1  = C 4 4 ( P )  
A ( K Q l v J J 2 + 2 )  = l C 4 4 ( P I - C 4 4 ( M ) ) / X K  
A ( K Q l ~ J J 4 + 2 )  = ( C 4 4 ( M ) - C 4 4 ( P ) ) / X K  
A ( K Q Z r J J 2 )  = ( C 3 6 ( P ) - C 3 6 ( M ) ) / X K  
A ( K Q Z v J J 4 )  = I C 3 6 ( M ) - C 3 6 1 P ) ) / X K  
A < K Q 2 r J J 2 + 1 )  = ( C 2 3 ( P ) - C 2 3 ( M ) ) / X K  
A ( K Q 2 v J J 4 + 1 )  = ( C 2 3 ( M ) - C 2 3 ( P ) ! / X K  





0 0 0 0 8 1 8 0  
00008190 
00008200 
0 0 0 0 8 2 1 0  
00008220 
0 0 0 0 8 2 3 0  
0 0 0 0 8 2 4 0  
00008250 
0 0 0 0 8 2 6 0  
00008270 
0 0 0 0 8 2 8 0  
0 0 0 0 8 2 9 0  
0 0 0 0 8 3 0 0  
0 0 0 0 8 3 1 0  
0 0 0 0 8 3 2 0  
0 0 0 0 8 3 3 0  
00008340 
0 0 0 0 8 3 5 0  
0 0 0 0 8 3 6 0  
0 0 0 0 8 3 7 0  
0 0 0 0 8 3 8 0  
0 0 0 0 8 3 9 0  
00008400 
00008410 
0 0 0 0 8 4 2 0  
0 0 0 0 8 4 3 0  
00008440 
0 0 0 0 8 4 5 0  
0 0 0 0 8 4 6 0  
0 0 0 0 8 4 7 0  
0 0 0 0 8 4 8 0  
0 0 0 0 8 4 9 0  
0 0 0 0 8 5 0 0  
0 0 0 0 8 5 1 0  
0 0 0 0 8 5 2 0  
0 0 0 0 8 5 3 0  
0 0 0 0 8 5 4 0  
0 0 0 0 8 5 5 0  
0 0 0 0 8 5 6 0  
0 0 0 0 8 5 7 0  
0 0 0 0 8 5 8 0  
0 0 0 0 8 5 9 0  
0 0 0 0 8 6 0 0  
0 0 0 0 8 6 1 0  
0 0 0 0 8 6 2 0  
0 0 0 0 8 6 3 0  
0 0 0 0 8 6 4 0  
C Z 1  = ( C 1 3 ( P ) - C 1 3 ( M ) ) * C 3  + ( C 2 3 ( P ) - C 2 3 ( M ) ) * B V  + ( C 3 6 1 P ) - C 3 6 ( M I ) * B U 0 0 0 0 , 8 6 5 0  
C Z 2  = (C13(P)-C13(M))*C2+(C23(P)-C23(M))"DV+2."LC36(PI-C36(M))"C4 0 0 0 0 8 6 6 0  
0 0 0 0 8 6 7 0  
X ( J J 1 )  = 0. 0 0 0 0 8 6 8 0  
X I J Q Z )  = 2 . * H ? ( C Z l  + C Z Z * Z )  00008690 
GO T O  102 00008700 
62 
I -- 
i .  
FORTRAN I V  G 1  R E L E A S E  2.0 M A I N  D A T E  = 75007 08/16/07 
C 
C F R E E  S U R F A C E  M A T R I X  TERMS A T  ANY I N T E R F A C E  WHERE I=LAWI  J= INF OR A T  










































223 A ( K J l e J J 1 1  
A I K J l s J J Z I  
A ( K J l v J J 1 3  
A ( K J l * J J l +  
A I K Q l r J J l I  
A I K Q l * J J Z I  
A ( K Q l v J J 1 3  
A I K Q l * J J l +  
= 3 . + C 6 6 ( M l  
= C 6 6 ( M )  
= - 4 . + C 6 6 ( M I  
1 = 3 . n C 2 6 1 M I  
= 3 . * C 2 6 ( M l  
= - 4 . + C 2 6 ( M l  
= C 2 6 ( M l  
I = 3 . + C 2 2 1 M l  
A l K Q l r J J Z +  I = -4 .+CZZ(MI  
A ( K Q l r J J 1 3 + 1 1  = C 2 2 1 M )  
A ( K Q l v J J 1 + 2 )  = 3 . *C23(M)  
A ( K Q l v J J 8 + 2 )  -4 . *C23(M)  
A ( K Q l r J J 1 0 + 2 )  = C 2 3 ( M )  
A ( K Q Z . J J 1 )  = 3 . + C 4 5 ( M I  
A ( K Q 2 . J J 8 )  = - 4 . * C 4 5 ( M I  
A ( K Q 2 r J J 1 0 1  C 4 5 ( M l  
= 3 . * C 4 4 ( M )  
= -4. * C 4 4 i  M I  
= C 4 4 ( M )  
= 3 . * C 4 4 ( M )  
= - 4 . * C 4 4 ( M I  
= C 4 4 ( M )  
C Y 1  = C 1 2 ( M ) * C 3  + C 2 2 I M ) * B V  + C 2 6 ( M ) * B U  
C Y 2  = C 1 2 ( M ) * C 2  + C 2 2 1 M ) e D V  + E . + C 2 6 ( M ) * C 4  
C X Y l  = C l 6 l M ) * C 3  + C 2 6 i M ) * E V  + C 6 6 ( M 1 * 8 U  
C X Y 2  = C l 6 ( M ) * C 2  + C 2 6 ( M ) * D V  + P . + C 6 6 ( M ) * C 4  
X ( J J 1 )  = - 2 . * H * ( C X Y l  + C X Y Z * Z )  
X l J Q 1 )  = - 2 . * H + ( C Y l  + C Y 2 * Z )  
X ( J Q 2 )  = 0. 
GO TO 102 
C M A T R I X  TERMS TO F I X  THE R I G I D  T R A N S L A T I O N S  
L 
0670 203 A ( K J l . J J 1 1  = 1.0 
0671 A ( K Q l . J J l + l )  = 1.0 
0672 A ( K Q 2 , J J 1 + 2 )  = 1.0 
C 
0673 X ( J J 1 )  = C. 



















































0 0 0 0 9 2 7 0  
00009280 
63 
FORTRAN I V  G 1  RELEASE 2.0 MAIN DATE = 75007 08 /16 /07  
0675 X(JQ2)  = 0. 
0676  GO TO 102 
C 
0677 202 IF(I.EP.1) GO TO 220 
0678  IF(I.EQ.LAW) GO TO 2 2 3  
C 










































0 7 1 1  
0712 
A ( K J l . J J 1 )  = 
A (KJ l . JJ8 )  = 
A ( K J l v J J 1 0 )  
A ( K J l r  J J 1 + 1 )  
A (KJ lVJJ8+1)  
A ( K J l r J J 1 0 + 1  
A ( K Q 1 1 J J l )  = 
AIKBl .JJ8)  = 
3.*C55(M) 




= C45(M)  
3.*C45(M) 
-4. *C45 ( M 
A(KQl .JJ10)  = C45(M)  
A ( K Q l r J J 1 + l )  = 3.*C44(M) 
A ( K Q l , J J l O + l )  = C 4 4 L M )  
A (KPZrJJ1+Z)  = 3.*C33(M) 
AIKQ2,JJ10+2) = C33(M)  
C Z 1  = C13(M)*C3 + C23(M)*BV + C36(M)*BU 
CZ2 = C13(M)*C2 + C23(M)*DV + Z.*C36(M)*C4 
X ( J J 1 )  = 0. 
X ( J Q 1 )  = 0. 
X I J Q Z )  = -Z.*H*(CZl + C Z Z * Z )  
A ( K Q l r J J 8 + 1 )  = -4-*C44(M) 
AIKQZvJJ8+2) = -4.*C331M) 
IF(I.EQ.FSW1) GO T O  2 3 1  
IFII.EQ.FSW2) GO T O  2 3 1  
IF(I.GT.FSWl.AND.I.LT.FSW2) G O  T O  234 
C I F  I I S  BETWEEN 1 AND FSWl OR BETWEEN FSWL AND LAW, CONTINUE BELOW 
C 
A ( K J l r J J 2 + 2 )  = -C45lM) 
A ( K J l , J J 4 + 2 )  = C45(M)  
C 
A l K Q l r J J 2 + 2 )  = -C44(M) 
A ( K Q l r J J 4 + 2 )  = C 4 4 ( M )  
C 
A(KQ2vJJ2) = -C36(M) 
AIKQ2,JJ4) = C36(M)  
AIKQE,JJZ+l) = -C23(M) 
A(KQZrJJ4+1)  = C23(M)  
GO T O  102 
C 
C 
C C A S E  WHERE I=FSWl OR FSWZ AN0 J=LAT 
C 
2 3 1  XK = FLOAT(K) 




























































E -  
I 
j :  








































RELEASE 2.0 MAIN 
02 = Z.+XK/tXK+l.) 
03 = 2 . / ( (XK+l . ) *XK)  
IF(I.EQ.FSW2) GO TO 232 
A ( K J l r J J 1 + 2 )  = 01*C45(M) 
A ( K J l r J J Z + Z )  = -0Z*C451M1 
C 
C 
A ( K J l r J J 4 + 2 1  = D3*C45(M) 
C 
A ( K P l . J J l + Z I  = Ol*C44(M) 
A ( K Q l r J J 2 + 2 )  = -OZ*C441Ml 
A ( K P l r J J 4 + 2 )  = 03*C44(MI 
A (KQ2,JJ l )  = 01*C36(M) 
A(KQZrJJ2)  = -02*C36(HI 
A(KP2,JJ41 = 03*C36(M) 
A ( K Q Z r J J 1 + l )  = 01*C23(M) 
A(KQZrJJ2+1)  = -02*C23(MI 
A(KQZ,JJ4+1) = 03*C23(MI 




232 A ( K J l p J J 1 + 2 1  = -O l *C45(MI  
A ( K J l , J J 2 + 2 )  = -03*C45(MI 
A ( K J l 1 J J 4 + 2 I  = 02*C45(M) 
C 
A (KQ19JJ1+2)  = -01*C44(M) 
A ( K Q l V J J 2 + 2 )  = -03*C44(M) 
A(KQl ,JJ4+2)  = 02*C44(M) 
D A T E  = 75007 
c 
A(KQ2,JJ l )  = -0 l *C36(M)  
A(KQ2,JJZI = -D3*C36(M) 
A(KQ2,JJ4) = OZ*C36(MI 
A(KQZIJJ1+ l )  = -01+C23(M) 
A(KQZIJJ2+1) = -D3*C23(M) 
A(KQ2,JJ4+1) = 02*C23(M) 
GO T O  102 
C 
C 
C C A S E  WHERE I I S  BETWEEN FSWl AN0 FSW2 AND J-LAT 
C 
234 XK = FLOAT(K1 
A ( K J l r J J 2 + 2 )  = -C45(M)/XK 
A ( K J l , J J 4 + 2 )  = C45(M)/XK 
A ( K Q l r J J 2 + 2 )  = -C44(MI/XK 
A ( K Q l r J J 4 + 2 )  = C44(M) /XK 
A(KQ2,JJ2) = -C36(M)/XK 




A (KQZrJJ2+1)  = -C23(M) /XK 
A(KQZ,JJ4+1) = C23(M) /XK 
C 
C 
C FORM THE NDNSYMETRIC BANDED M A T R I X  A X  
C 
102 CONTINUE 




























































I1 I I I 1  I "1111l1l1lIl II IIIl111l11lllI 
F O R T R A N  I V  G 1  
0752 
0753 



















0 7 7 3  
0774 
0775 





0 7 8 1  
0782 
0 7 8 3  
0784 
D A T E  = 75007 08/16/07 R E L E A S E  2.0 M A I N  
00010450 I L  = K J 1 + 3 * ( N O O E - l )  
00010460 I N  = IL+2  
00010470 
DO 103 I K = I L .  I N  00010480 
00010490 I 1  = I K - I L + 1  
00010500 
00010510 00 104 J K = l . N B A N D  
000 10520 JJ = I K + J K - I B W - 1  
00010530 I F ( I K . L E . I B W 1 1  JJ = J K  
00010540 I F ( J J . G T . J O M A X )  GO TO 105 
A X I J K I I K )  = A I I I v J J )  00010550 
GO TO 104 00010560 
105 A X ( J K . I K )  = 0.0 00010570 
00010580 104 C O N T I N U E  
103 C O N T I N U E  00010590 
00010600 101 C O N T I N U E  
100 C O N T I N U E  00010610 
C 00010620 
R E W I N D  9 000 1 06 3 0 
00010640 W R I T E ( 9 )  ( ( A X ( J ~ I ) r J = l ~ N 8 A N D ) r I = l r J P n n X )  
W R I T E ( 9 )  ( X ( I ) r I = l r J O M A X l  0 0 0 1 0 6 5 0  
END F I L E  9 000 10660 
00010670 R E W I N D  9 
00010680 
00010690 NED = N B A N D + l  
DO 107 I=l. JQMAX 000 10700 
00010710 A X ( N B 0 , I )  = X ( 1 )  
1 0 7  C O N T I N U E  00010720 
C 00010730 
C W R I T E ( 6 ~ 4 0 0 0 1  00010740 
C 4 0 0 0  F O R M A T l l H l r '  E O U A T I D N ' ,  3 5 x 1  ' T H E  BANDED M A T R I X  TERMS A X ( I 9 J ) '  / / ) 0 0 0 1 0 7 5 0  
C C A L L  R I T E ( 1 ,  J Q M A X t  N 8 0 1  JQMAX. NED, A X 1  0 0 0 1 0 7 6 0  
00010770 C W R I T E ( 6 . 4 0 0 3 1  
C 4 0 0 3  F O R M A T ( 1 H l .  45x1 '*** THE L O A D  VECTOR X ( 1 )  ***I  / / /  ) 00010780 
C W R I T E ( 6 . 4 0 0 4 )  ( X ( I ) ,  1 = 1 1  J Q M A X )  00010790 




0 0 0 1 0 8 4 0  
4 0 0 6  F O R M A T ( / / /  ' ERROR C O N D I T I O N  OF SOLVER R O U T I N E  I S  ' 9  F 4 - 1 9  5 x 1  0 0 0 1 0 8 5 0  
1 'RANK I S  I t  F6.17 5 x 7  ' D E T E R M I N A N T  = 't G 1 0 . 3 )  00010860 
IFLET.EQ.1.)  STOP 1 00010870 
00010890 DO 1 0 8  I = l , J Q M A X  
x ( 1 )  = A X ( 1 . I )  00010900 
1 0 8  C O N T I N U E  00010910 
C 00010920 
R E A D ( 9 1  ((AX(J,I)rJ=lrNBAND),I=l.JQMAXl 00010930 
R E A O ( 9 )  ( R ( I ) r I = l v J O M A X )  00010940 




C OUTPUT OF THE N O D A L  D I S P L A C E M E N T S ,  UI VI W 00010990 
C 000 11000 
c *t*t*tt***~**t***********t***t4***********t****4*t****tt***t*****t***oooll~~~ 




C A L L  T R M S T R ( A X 9  JQMAXI N E D  t IBWI l 8 W t  NBAND, DTI RTI E T )  
W R I T E ( 6 . 4 0 0 6 )  ET,  RT. D T  
C 0 0 0 1 0 8 8 0  
66 
! . 
. . . . . .. . 




















































IV G1 RELEASE 2.0 M A I N  DATE = 75007 
WRITEl6.650) 
J = l  
DO 12 IK = 1 .  L A W  
DO 11 JK = 1 ,  L A T  
WRITEl6.6511 J I  X(3*J-2). X13*J-1). X(3*Jl 
J = J+1 












00011110 . . . - - - - .
C 00011120 
00011 130 
9950 FORMAT(lH1. 5x1 'EQUATION', 5x9 **** THE ACCURACY TEST. TEST-R(I) 00011140 WRITE(6.9950) 
1 f * * ' *  10x7 '*** THE AVERAGE ABSOLUTE ERROR * * f a  / / / I  00011 1 5 0  
ERR = 0.00 0001 1160 
00 9990 I=l.JQMAX 000 11 170 
00 9960 J=ltNBANO 00011 190 
TEST = 0.00 0001 1180 
IC = I+J-IBW-l 0001 1200 
IF(I.LE.IBW11 IC = J 00011210 
IF(IC.GT.JQMAX) GO TO 9970 0001 1220 
TEST = TEST+AX(J1ll*X(IC) 000 11230 
9960 CONTINUE 00011240 
9970 TEST = TEST-R(I1 000 11250 
ERR = ERR+DABS(TEST) 0001 1260 
00011270 A V E  = ERR/I 
9980 FORHAT(5Xv 14110x1 G15.8, 32x1 G15.8) 00011290 
00011300 9990 CONTINUE 
C 000 11 3 10 
C 000 11 330 
C CALCULATION OF THE STRAIN IS1 AN0 STRESS I T )  00011340 
C 000 11350 
WRITE16.99801 I, TEST, A V E  00011280 
C * * f f * f * * * 4 f * ~ ~ ~ f 4 f 4 f * * 4 ~ * * ~ * 4 ~ * f ~ ~ ~ f f ~ * f 4 f ~ 4 f ~ * 4 f 4 f f f f 4 f f 4 4 f ~ ~ f 4 ~ f ~ f ~ f ~ ~ ~ ~ ~ ~ ~ ~  
c f*44fff4*f*ff***ftf*****ff******f~***f**f4**4*~****44fff*fff4f~*f**f*f00011360 
L 
S X M  = S X M A X  f 1.EO6 
SXE = C3E * 1.EO6 
WRITE16.670) SXM, SXE 
WRITE(6.6711 
HR = 1./(2.*H) 
XK = FLOAT(K1 
C 
00 399 I L l t  L A W  
DO 398 J = l r  L A T  
I1=1-1 
I2=1-2 
NODE = L A T f I l + J  
J J 1  = 3f(LAT*Il+J)-Z 
JJ2 = 3flLAT*I2+J)-2 
JJ3 = 3f(LATfI2+Jl-5 
JJ4 = 3f(LAT*I+J)-2 
JJ5 = 3f(LAT*I+JI+l 
JJ6 = 3*ILAT*Il+JI+l 
JJ7 = 3*1LAT4IZ+J)+l 
JJ8 = 3*(LAT*Il+J1-5 
JJ9 = 34(LATfI+Jl-5 
































































































J J l l  =3*(LAT*tI+l)+J)-Z 
JJ13 =3*(LAT*( I-3)+J)-2 
2 = l F L O A T ( J ) - ( F L O A T ( L A T ~ + l . ) / Z . ) * H  
sx = c2*z + c3 
IF(I.EQ.11 GO TO 385 
JJ12 =3*(LAT*Il+J)+4 
IF(I.EQ.LAW) GO TO 386 
IF( I .GT.FSWl.AND.I .LT.FSW2) GO TO 382 
IF I I .EQ.FSWl.OR.I .EQ.FSW2) GO TO 383 
H1 = H 
H2 = H1 
GO TO 384 
H1 = XK*H 
H2 = H1 
GO TO 384 
H1 = H 
H2 = XK*H 
IF(I.EQ.FSW1) GO TO 384 
H1 = XK*H 
H2 = H 
H12 = Hl/H2 
H21 = H2/H1 
HRS = l./(Hl+HZ) 
HRO = (HZ-Hl)/(Hl*HZ) 
SY = HRS*(HlZ*X(JJ4+1)-H21*X(JJ2+l))+HRD*X(JJl+l) + DV*Z + B V  
SXY = HRS*(HlZ*X(JJ4)-HZl*X(JJZ)) + HRO*X(JJl) + 2.*C4*Z + 8U 
SYZI = HRS*(Hl2*X(JJ4+2)-H2l*X(JJZ+Z))+HRD*X(JJl+Z) 
GO TO 387 
SY = HR*(4.*XLJJ4+1)-3.*X(JJl+l)-X(JJll+l)) + OV*Z + 8V 
SXY = HR*(4.*X(JJ4)-3.*X(JJll-X(JJll)) + 2-*C4*Z + 8U 
SYZI = HR*(4.*X(JJ4+2)-3.*X(JJ1+2)-X(JJ11+2) 1 
GO TO 387 
SY = HR*(3.*X(JJl+I)+X(JJl3+1)-4.*X(JJ2+1)) + OV*Z + 8V 
SXY = HR*(3.*X(JJI)+X(JJ13)-4.*X(JJZ)) + Z.*C't*Z + BU 
SYZI = HR*(3.*X(JJ1+2)+X(JJ13+2)-4.*X(JJZ+Z)) 
DO 392 M = l r  N L A Y  
I F  (M.EQ. 1.AND. J.GT. INF ( 1 )  I GO TO 392 
IF(M.EQ.1) GO TO 388 
IF(J.LE.INF(M-l).OR.J.GT.INF(M)) GO T O  392 
IF(J.EQ.1) GO TO 389 
IF(J.EQ.INF(M).OR.J.EQ.LAT) GO TO 390 
SZ = HR*(X(JJ6+2)-X(JJ8+21) 
SYZJ = HR*(X(JJ6+1)-X(JJ8+1)) 
5x2 = HR*(X(JJ6)-XIJJ8)) 
GO T O  391 

































































































R E L E A S E  2.0 M A I N  D A T E  = 75007 06/16/07 
S Y Z J  = HR*(4.*X(JJ6+1~-3~*X(JJl+ll-X~JJl2+ll~ 
S X Z  HR*(4.*X(JJ6)-3.*X(JJlI-X(JJ1211 
GO T O  391 
C 
390 S Z  = H R * ( 3 . * X ( J J 1 + 2 ) + X ( J J 1 0 + 2 ~ - 4 - * X ~ J J 8 + 2 1 1  
S Y Z J  = H R * ( 3 ~ * X ( J J 1 + 1 1 + X ( J J 1 0 + 1 ~ - 4 ~ * X ~ J J 8 + 1 1 ~  
S X Z  = H R * ( 3 . * X ( J J l ) + X ( J J l 0 ) - 4 . * X o )  
C 
C 
C C A L C U L A T I O N  O F  THE S T R E S S  ( T I  













T X  = C l l ( M ) * S X  + C l Z ( M I * S Y  + C 1 3 ( M l * S Z  + C l b ( M l * S X Y  00012310 
T Y  = C l Z ( M I * S X  + C 2 2 ( M l * S Y  + C 2 3 1 M l * S Z  + C 2 6 ( M l * S X Y  00012320 
00012330 T Z  3 C 1 3 l M l * S X  + C 2 3 ( M l * S Y  + C 3 3 ( M l * S Z  + C 3 6 ( M l * S X Y  
C 00012340 
T Y Z  = C 4 4 ( M ) * S Y Z  + C 4 5 ( M l + S X Z  00012350 
T X Z  = C 4 5 ( M l * S Y Z  + C 5 5 l M ) + S X Z  00012360 
T X Y  = C 1 6 ( M l * S X  + C 2 6 ( M l * S Y  + C 3 6 ( M l * S Z  + C 6 6 ( M ) n S X Y  00012370 
C 00012380 
W R I T E ( 6 r 6 7 2 1  NODE, TX. T Y v  T Z t  T Y Z I  T X Z t  T X Y t  SYI SZI SYZI S X Z v S X Y O 0 0 1 2 3 9 0  
W R I T E l 6 . 3 9 7 )  SX 00012400 
C 00012410 










IF(J.NE. INF(MI.OR.J.EB.LnT)  GO TO 392 
P = M + l  
SZ  = H R * ( 4 . * X l J J 6 + 2 ) - 3 . * X ( J J 1 + 2 l - X ( J J 1 2 + 2 )  I 
S Y Z J  = H R * ( 4 ~ * X ( J J 6 + 1 1 - 3 - * X ~ J J l + l ) - X ( J J l 2 + 1 ) )  
S X Z  = HR*(4.*X(JJ61-3.*X(JJl)-X(JJl211 
S Y Z  = S Y Z I  + S Y Z J  
TX = C l l ( P ) * S X  + C l Z ( P I * S Y  + C 1 3 ( P ) * S Z  + C 1 6 l P l * S X Y  
T Y  = C 1 2 ( P l * S X  + C 2 2 ( P l * S Y  + C 2 3 ( P ) * S Z  + C 2 6 ( P ) * S X Y  
T Z  = C 1 3 ( P l * S X  + C 2 3 ( P ) * S Y  + C 3 3 1 P ) * S Z  + C 3 6 l P l * S X Y  
T Y Z  = C 4 4 ( P l * S Y Z  + C 4 5 ( P ) * S X Z  
T X Z  = C 4 5 ( P ) * S Y Z  + C 5 5 ( P l * S X Z  
T X Y  = C 1 6 ( P l * S X  + C 2 6 ( P l * S Y  + C 3 6 l P l * S Z  + C 6 6 ( P l * S X Y  
W R I T E ( 6 . 6 7 2 1  NODE, TX. TYI T Z t  T Y Z .  TXZI TXYI SY. SZ.  SYZ, 
C O N T I N U E  
C O N T I N U E  
W R I T E l 6 r 6 5 2 1  
C O N T I N U E  







0 0 0 1 2 4 9 0  
0 0 0 1 2 5 0 0  
000 12 5 10 
0 0 0 1 2 5 2 0  
0 0 0 1 2 5 3 0  










0 0 0 1 2 6 4 0  
00012650 
0 0 0 1 2 7 2 0  
397 F O R M A T I 1 4 X , 1 P 1 E 1 1 . 3 / 1  0 0 0 1 2 7 3 0  
600 F O R M A T ( 1 H l r  44x1 4 4 H * * *  U N I F O R M  B E N D I N G  OF A L A M I N A T E D  P L A T E  * * * I  00012740 
601 F O R M A T ( 5 1 1 0 1  00012750 
00012760 
69 
F O R T R A N  I V  G 1  R E L E A S E  2.0 M A I N  D A T E  = 75007 08/16/07 
0914 602 F O R M A T ( / / / /  5 x 9  1 8 H * * *  I N P U T  D A T A  *** / / /  
1 18x1 'NUMBER OF L A Y E R S  I N  CROSS S E C T I O N ,  N L A Y  " t  I 4  / /  
2 18x1 'NUMBER OF NODES ON V E R T I C A L  A X I S ,  L A T  I 4  / /  
3 18x9 'NUMBER OF NODES ON H O R I Z O N T A L  A X I S ,  LAW =', I 4  / / /  
4 18x1 3 7 H C H A N G E  I N  MESH W I D T H  ( F S W 1 1  A T  I = t I 4  / /  
5 l B X t  3 7 H C H A N G E  I N  MESH W I D T H  ( F S W Z I  AT I = P 14 / /  
6 18x1 3 7 H M E S H  W I D T H  M A G N I F I C A T I O N  FACTOR,  K = 9 I 4  / I  
C 
C 
603 F O R M A T l 8 G 1 2 . 5 1  
604 F O R M A T ( l H 1 ,  5 5 x 9  2 1 H * * *  M A T E R I A L  D A T A  *** / / / /  2x1 5 H L A Y E R .  7x9 
1 3 H E l l .  9x1 3 H E 2 2 r  9 x 9  3 H E 3 3 r  9x1 3 H E 1 2 9  9x1 3 H E 1 3 r  9x1 
























0 9 2 3  
0924 
0 9 2 5  
0 9 2 6  
0 9 2 7  




0 9 3 2  




6 0 6  F O R M A T ( l O G 1 0 . 3 1  000 1 2  940 
C 00012950 
00012960 607 F O R M A T ( / / /  18x1 2 6 H F I N E  S I M U L A T I O N  WIDTH,  H = r F 8 - 5 1  
C 0 0 0 1 2 9 7 0  
6 0 8  F O R M A T ( / /  1 8 X ,  9 H L A Y E R  NO., ZX. 13, 5X.  1 7 H I N T E R F A C E  AT J = ,131 00012980 
C 00012990 
611 F O R M A T I / /  4 5 X .  4 1 H * * +  C O E F F I C I E N T S  OF THERMAL E X P A N S I O N  * * e * ,  / / /  00013000 
1 1X, 5 H L A Y E R .  8 x 1  5 H T H E T A r  1 2 X ,  3 H A L 1 .  l 2 X .  3 H A L 2 r  1 2 x 1  00013010 
2 3 H A L 3 r  12x9 3 H A L 6 .  12x1 4 H A L l P v  l l X t  4 H A L 2 P .  11x1 4 H A L 3 P  00013020 
3 / / /  I 0 0 0 1 3 0 3 0  
00013040 
0 0 0 1 3 0 5 0  
1 l l H L A Y E R / T H E T A r  2 1 x 1  1 2 H X - Y - Z  M A T R I X ,  44x1  00013060 
2 1 8 H X - Y - Z  P R I M E  M A T R I X  / / /  I 00013070 
00013080 C 
614 F O R M A T I Z X v  12, 9x9 F 5 . 1 9  5 x 1  7 ( 5 X v  E 1 0 . 3 ) )  00013090 
C 0 0 0 1 3 1 0 0  
620 F O R M A T ( Z X ,  12, 5 x 1  l P 1 2 E 1 0 . 3  / /  19x1 5 E 1 0 . 3 7  l O X t  5 E 1 0 . 3  / /  2 9 x 1  00013110 
1 4E10.3 ,  2 0 x 9  4 E 1 0 . 3  / /  l X 1 0 P F 5 . 1 1  3 3 x 9  1 P 3 E 1 0 . 3 ,  30x1 000 1 3 1 2 0  
2 3 E 1 0 . 3  / /  4 9 X ,  2E10.3 ,  40X. Z E 1 0 . 3  / /  59x1  E10.3 ,  5 0 X ,  0 0 0 1 3 1 3 0  
0 0 0 1 3  140 3 € 1 0 . 3  / / /  I 
C 0 0 0 1 3 1 5 0  
650 F D R M A T ( l H 1  / /  l o x ,  I***  G R I D  P O I N T  D I S P L A C E M E N T  F U N C T I O N S  O f * '  / / /00013160 
1 1 6 X 7  5 H  NODE, 5 x 9  1 4 H U - D I S P L A C E M E N T I  6x1  14HV-OISPLACEMENTv00013170 
2 6X,  1 4 H W - D I S P L A C E M E N T  / / /  ) 000 13 180 
0001 3190 
651 F O R M A T ( 1 O X .  110, 3 E 2 0 . 6  / /  I 0 0 0 1 3 2 0 0  
0001 3 2  10 6 5 2  F O R M A T ( / /  1 2 H  ********** / /  1 
6 5 3  F O R M A T ( / /  10x1 1 2 H  ********** / /  I 00013220 
C 00013230 
6 7 0  F O R M A T ( l H 1 .  1OX. 7 7 H * * *  OUTPUT S T R E S S E S  A N 0  S T R A I N S  FOR A M A X I M U M  00013240 
l L O N G I T U O I N A L  B E N D I N G  S T R A I N  OF 7 F6.09 2 2 H  M I C R O - I N C H E S / I N C H  AND /00013250 
2 4 8 X .  4 0 H  AN A P P L I E D  A X I A L  E X T E N S I O N A L  S T R A I N  OF 9 F6.09 0 0 0 1 3 2 6 0  
3 1 9 H  M I C R O - I N C H E S / I N C H .  / /  l O X t  'NOTE: I N T E R F A C E  NODES ARE R E P E A T 0 0 0 1 3 2 7 0  
4 E D  W I T H  V A L U E S  G I V E N  BELOW AND A8OVE THE I N T E R F A C E  R E S P E C T I V E L Y . '  0 0 0 1 3 2 8 0  
5 / / / /  I 0 0 0 1 3 2 9 0  
C 00013300 
6 7 1  F O R M A T ( 1 X V 5 H N O D E  t 5x1 5 H S I G - X ,  6 X t  ~ H S I G - Y I  6 X t  S H S I G - Z ,  6 X t  00013310 
1 6HTAU-YZI  5 x 1  6 H T A U - X Z v  5 x 9  6 H T A U - X Y v  5 x 1  5HEPS-YI  6 x 9  0 0 0 1 3 3 2 0  
2 SHEPS-Z, 6x9 6 H E P S - Y Z v  5 x 9  6 H E P S - X Z .  5 x 1  6 H E P S - X Y  / 17x1 0 0 0 1 3 3 3 0  
00013340 3 5 H E P S - X  / / /  I 
000 13.350 C 




605 F D R M A T ( 3 X v  129 6 X v  2 P E 1 0 . 3 r  2 1 2 x 1  l P E 1 0 . 3 ) ~  312x9 0 P E 1 0 . 3 ) ~  
1 3 1 3 X .  F 5 . 2 1  / I 
C 
6 1 3  F O R M A T ( / /  5 3 x 9  2 6 H * * *  S T I F F N E S S  M A T R I C E S  *** / / /  1 X t  
C 
70 
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C CALCULATION OF LAMINATE LOAD CONSTANTS FOR A FULL CROSS SECTION 00013440 
C 00013450 
C 4 * * + 4 4 * f 4 * 4 9 4 4 9 4 9 4 4 * * * ~ * * * ~ * * * * * * * % * * ~ * * * * * * * * * * * * * * * * * * * * * * * * * * * * ~ * * * 0 0 0 1 3 4 6 0  
C 00013470 
00013471 C THIS SUBROUTINE I S  GOO0 FOR BENOING OF AN ARBITRARILY LA10 UP 
C LAMINATE WHICH I S  SYMMETRIC OR NONSYMMETRIC ABOUT THE MIDPLANE. 00013472 
00013480 C 
00013490 C THE CONSTANTS ARE C2 = INVERSE BENDING RADIUS 
C C3E = APPLIED UNIFORM EXTENSIONAL STRAIN 00013500 
C C3 = EXTENSIONAL COUPLING DUE TO BENDING PLUS C3E 00013510 
C C4 = IN-PLANE SHEAR COUPLING 00013520 
C 00013530 
C 8U OCCURS I N  THE -FCTN. U(Y,Z) 000 13540 
C 8V AN0 OV OCCUR I N  THE FCTN. V(Y.2) 00013550 
C 00013560 
C SXMAX (EFFECTIVELY THE LOA0 INPUT) I S  A MAXIMUM STRAIN 00013570 
C 000 13580 
INTEGER ORDER 00013590 
C 00013600 
COMMON / M C /  C 1 1 ( 6 ) r C 1 2 1 6 ) ~ C 1 6 ( 6 ~ 1 C Z 2 ( 6 ) ~ C 2 6 ~ 6 ~ ~ C 6 6 ~ 6 ~ ~ C l 3 ~ 6 ~ ~  00013610 
1 C 2 3 ( 6 ) . C 3 6 ( 6 ) r C 4 4 ( 6 ) r C 4 5 ( 6 ) , C 5 5 ( 6 ) r C 3 3 ( 6 ) , A L l ( 6 ) , A L 2 ( 6 ) ,  00013620 






























DIMENSION A(3 .3) .  B(3.3).  O ( 3 r 3 ) r  QM(3.3) 
C 
DOUBLE PRECISION A ,  8, 0 
ORDER = 3 
LAY = I N F I 1 ) - 1  
C 
C 
HL = H*FLOATILAY) 
HL2 = HL**2/2. 
HL3 = HL**3/3. 
RN = FLDATINLAYI 
RN2 = RN442 
00 2 0  I=1 ,3  
00 20 J=1,3 
A l1 .J )  = 0.00 
D I 1 , J )  = 0.00 
C 
8 ( 1 7 J )  = O.DO 
20 CONTINUE 
C 
00 30 I=1,3 
DO 3 0  J = l r 3  
00 30 M=l.NLAY 
Q M ( l - 1 )  = Cll(M)-Cl3(M)*Cl3(M)/C33(M) 
QM11.2) ClZlM)-Cl3(M)tC23(M)/C33(M) 
QM(l.3) = C16(M)-C13(Ml*C36(M)/C33(M) 
Q M ( 2 r 2 )  = C22(M)-C23(Ml*C23(M)/C33lM) 
QM(2.1) = QM(1.2) 
QM(2,3) = C 2 6 ( M ) - C 2 3 ( M ) * C 3 6 ( M ) / C 3 3 ( M )  
QM(3.1) = Q M ( l . 3 )  





























































0 0 5 5  































Q M ( 3 . 3 )  = Cbb(M)-C36(M)tC36(M)/C331M) 
N O T E  T H A T  THE S U B S C R I P T  3 I N  QM R E P L A C E S  A 6 I N  STANDARD N O T A T I O N .  
T H E  SAME I S  TRUE BELOW I N  A ( 1 . J ) .  B ( I v J ) .  O ( I 1 J ) r  ETC. 
M l  = 2 f M - 1  
M 2  = 3 f M f ( M - l ) + l  
A ( I , J )  = A ( 1 . J )  + H L f Q M 1 I . J )  
B ( 1 . J )  = B ( 1 . J )  + H L Z f Q M ( I , J ) + I M l - R N )  
D ( 1 . J )  = D ( I , J )  + HL3+QM(I,J)flM2-1.5+RN*Ml+.75fRN2) 
3 0 . C D N T I N U E  
I N V E R T  ( A ) .  STORE I N  ( A ) .  
C A L L  M A T I N 4  ( A r D R D E R )  
M U L T I P L Y  ( A ) I N V E R S E  f (8). STORE I N  A. 
C A L L  MAMULT ( A r B r 0 R D E R . A )  
























C A L L  MAMULT (B,A,OROERvB) 
DO 40 1=113 
DO 40 J = 1 , 3  
A ( I , J )  = - 1 . * A ( I , J )  
D 1 I . J )  = D I I , J )  - B ( 1 . J )  
40 C O N T I N U E  
I N V E R T  NEW M A T R I X  ID). THE R E S U L T  I S  D-PRIME. STDRE I N  0. 
C A L L  M A T I N 4  1D.OROER) 
M U L T I P L Y  - ( A ) I N V E R S E  f B f D-PRIME W H I C H  Y I E L D S  B-PRIME.  STORE 

















D E T E R M I N E  THE L O A 0  CONSTANTS. M I N U S  C 2  I M P L I E S  A S M I L I N G  P L A T E .  00014350 
00014360 
ZMAX = RN;:HL/Z. 00014370 
C Z  = - D ( 1 , 1 J f S X M A X / ( B ( l 1 1 )  + D I l . l ) * Z M A X )  00014380 
R A T I O  = C 2 / O l l r l )  00014390 
00014400 
C 3  = B ( 1 , l ) f R A T I D  + C 3 E  000 14410 
C 4  = . 5 f D ( l r 3 ) f R A T I 0  00014420 
B U  = 8 ( 3 , 1 ) * R A T I O  00014430 
B V  = B ( Z . l ) * R A T I D  00014440 
DV = D ( l , Z ) * R A T I O  00014450 
R A T I O  = - R A T I O  0 0 0 1 4 4 6 0  
W R I T E ( 6 r 5 0 )  00014470 
5 0  F O R M A T ( / / / / /  4 8 X 7  3 5 H f f f  THE L A M I N A T E  L O A D  C O N S T A N T S  O f f  / / /  ) 0 0 0 1 4 4 8 0  
W R I T E 1 6 . 6 0 )  CZ ,  C3 ,  C 4 ,  RU, BV,  OV, R A T I O  00014490 
60  F O R M A T ( '  C 2  = ' 9  1 P E 1 0 - 3 r  4 x 1  ' C 3  = ' 7  E 1 0 - 3 r  4x1  ' C 4  = ' r E 1 0 . 3 ,  00014500 
1 4x7 ' B U  = ' v  E 1 0 - 3 9  4 x 1  ' B V  = ' I  E 1 0 . 3 ~  4 x 9  ' O V  = ' t  E L 0 . 3 ~ 0 0 0 1 4 5 1 0  
00014520 
0 0 0 1 4 5 3 0  RETURN 
END 000 14540 
2 4X, ' M T  = I ,  E10.3 ) 
72 
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F O R T R A N  I V  G 1  R E L E A S E  2 - 0  MATCON D A T E  = 75082 19/49/20 
* O P T I O N S  I N  E F F E C T *  N O T E R M ~ N O I O ~ E 8 C O I C ~ S O U R C E I ” O D E t K I L O A O ~ N O M A P ~ N O T E S l  
* O P T I O N S  I N  E F F E C T *  NAME = MATCDN , L I N E C N T  = 60 
* S T A T I S T I C S *  SOURCE S T A T E M E N T S  = 60,PROGRAM S I Z E  = 2060 
* S T A T I S T I C S *  NO D I A G N O S T I C S  GENERATED 














S U B R O U T I N E  MAMULT(BIC,N,A) 
C 
C NAMULT P O S T M U L T I P L I E S  M A T R I X  ( 8 1  BY 
C R E S U L T  I N  M A T R I X  ( A )  WHERE N I S  THE 
C 
DOUBLE P R E C I S I O N  A v B ~ C ~ S U M  
D I M E N S I O N  A ( N , N ) ,  8 t N . N ) .  C t N v N J  
00 1 I = l . N  
OD 1 J = l . N  
SUM = 0. 
OD 2 K = l . N  
SUM = SUM + B ( I r K ) * C ( K . J I  
2 C O N T I N U E  
A L I , J )  = SUM 
1 C O N T I N U E  
R E T U R N  
E N 0  
M A T R I X  ( C l  AND STORES T H E  
ORDER OF THE M A T R I C E S .  
1 9 / 4 9 / 2 0  FORTRAN I V  G 1  R E L E A S E  2.0 MAMULT D A T E  = 7 5 0 8 2  
* O P T I O N S  I N  EFFECT* NOTERM,NOlO,E8CDIC,  S O U R C E ~ N O L I S T ~ N O O E C K ~ L O A O ~ ~ J ~ M A P ~ N ~ T t S T  
* O P T I O N S  I N  E F F E C T *  NAME = MAMULT , L I N E C N T  = 60 
* S T A T I S T I C S *  SOURCE S T A T E M E N T S  = 13,PROGKAM S I Z E  = 7 0 2  
* S T A T I S T I C S *  NO D I A G N O S T I C S  GENERATED 


















I V  G I  R E L E A S E  2.0 M A T I N 4  D A T E  = 7 5 0 8 2  1 9 / 4 9 / 2 0  
S U B R O U T I N E  M A T I N 4 l A R R A Y , N )  
C 
C M A T I N 4  I N V E R T S  THE M A T R I X  ( A R R A Y )  W H I C H  I S  OF ORDER N. 
C 
D I M E N S I O N  A R R A Y ( N , N l  
DOUBLE P R E C I S I O N  ARRAY 
00 604 I = l l N  
STORE = A R R A Y ( I . 1 )  
A R R A Y I I . 1 )  = 1. 
00 601 J = l . N  
00 604 K = l , N  
I F ( K - 1 1 6 0 2 r 6 0 4 , 6 0 2  
602 STORE = A R R A Y ( K . 1 1  
ARRAYLK.11  * 0. 
00 603 J = l . N  
601 A R R A Y ( 1 , J )  = A R R A Y ( I . J ) / S T O R E  
603 A R R A Y ( K v J 1  = A R R A Y ( K q J 1  - S T O R E * A K R A Y ( I v J )  
6 0 4  C O N T I N U E  
R E T U R N  















000 1 4 6 5 0  
0 0 0 1 4 6 6 0  
00014670 
0 0 0 1 4 6 8 0  
00014681 
00014682 
0 0 0 1 4 6 8 3  
000 14690 
0 0 0 1 4 7 0 0  
0 0 0 1 4 7 1 0  
0 0 0 1 4 7 2 0  
0 0 0 1 4 7 3 0  












1111111111 I I I I II 1111 I 













































0 0 0 2  
0 0 0 3  
0004 
0 0 0 5  






0 0 1 2  
0 0 1 3  
0014 
0 0 1 5  
S U B R O U T I N E  TRMSTR(A,NvNO,NLOvNRDINEDIDIR1E)  00014850 
000 14860 
TRMSTR I S  THE S U B R O U T I N E  T R I M S S  W I T H  M A T R I X  A  TRANSPOSED. 00014870 
T H E  S I M U L T A N E O U S  S O L U T I O N S  I S  G A U S S I A N  E L I M I N A T I O N ,  00014880 
M O D I F I E D  TO T A K E  ADVANTAGE OF T H E  REOUCEO M A T R I X .  THE 00014890 
R O U T I N E  A L S O  U S E S  P A R T I A L  P I V O T I N G  TO R E D U C E  ROUNOOFF ERROR. 00014900 
I N P U T  nnnirqin 
1 A  
2 N  
3 ND 
4 N L O  
5 NRD 
6 NED 
1 A  
OUTPUT 
2 0  
3 R  
4 E  
- - - - . . - - 
F I R S T  L O C A T I O N  OF C O E F F I C I E N T  M A T R 1 X v I . E .  A ( 1 . 1 ) .  00014920 
THE B A N D  E L E M E N T S  I N  E A C H  ROW MUST BE L E F T  00014930 
J U S T I F I E O  A N 0  E X T E N D  TO T H E  R I G H T  M P L A C E S  
( M = M I N I N , N L O + N R O + 1 1 .  I F  I N  ANY P A R T I C U L A R  ROW 
THERE ARE ONLY K B A N D  E L E M E N T S  A N 0  K  I S  L E S S  
THAN M I  THEN THE M-K R I G H T  MOST E L E M E N T S  OF T H A T  
ROW W I L L  BE S E T  TO ZERO. T H E  ROW WHOSE L E F T  
MOST COLUMN I N  THE F U L L  BLOWN M A T R I X  C O N T A I N S  
A  NON-ZERO E L E M E N T  MUST B E  T H E  F I R S T  ROW OF THE 
REOUCEO M A T R I X  AND ETC. T H E  COLUMN TO THE 
I M M E D I A T E  R I G H T  OF T H E  REDUCED M A T R I X  (FORMED AS 
A B O V E )  MUST C O N T A I N  T H E  R I G H T  HAND S I D E  OF THE 
E P U A T I O N  S E T  I N  Q U E S T I O N .  I T  SHOULD NOW B E  
O B V I O U S  T H A T  AN N X  N + l  F U L L  BLOWN SYSTEM WDULO 
B E  REDUCED BY THE ABOVE METHOD TO AN N X  M + l  
SYSTEM. 
NUMBER OF S I M U L T A N E O U S  E Q U A T I O N S  TO B E  SOLVED. 
V A R I A B L E  D I M E N S I O N  I N T E G E R .  MUST BE EQUAL TO 
ROW D I M E N S I O N  OF A  I N  C A L L I N G  PROGRAM. 
M A X I M U M  NUMBER OF BAND E L E M E N T S  T.0 THE L E F T  
OF P R I N C I P A L  D I A G O N A L  I N  ANY ROW OF SYSTEM TO 
BE D E T E R M I N E D .  
M A X I M U M  NUMBER OF BAND E L E M E N T S  TO THE R I G H T  
OF P R I N C I P A L  D I A G O N A L  I N  A N Y  ROW OF SYSTEM TO 
BE D E T E R M I N E D .  
N E O = M I N ( N , N L D + N R O + l l  
THE F I R S T  COLUMN OF A  C O N T A I N S  THE S O L U T I O N  
VECTOR. 
C O N T A I N S  D E T E R M I N A N T  OF A. 
C O N T A I N S  RANK OF A. 
E=O., S O L U T I O N  D.K. E = l . r  A  S I N G U L A R .  
E=2., S O L U T I O N  ATTEMPTED,  B U T  A  I L L  C O N D I T I O N E D  
OR S I N G U L A R .  I N  T H I S  C A S E  S O L U T I O N S  SHOULD BE 
CHECKED TO ASSURE V A L I D I T Y .  
S U B R O U T I N E  T R M S T R ( A , N I N D I N L O ~ N R O ~ N E D ~ O ~ R ~ E )  
D I M E N S I O N  A I N D . 1 )  
D O U B L E  P R E C I S I O N  A v D v Y * W v S  
x 1  = 1. 
L 1  = 1 
E=O. 
R = 0. 
D = l .  
N O l = N E O + l  
M = N L D  
N M l = N - 1  
OD 1 I = l . N M l  
I F I I . G T . ( N - N L D ) ) M = M - l  
N N = I + M - l  
DO 2 I I = I I N N  
00014940 






0001 5 0 1 0  
0 0 0 1 5 0 2 0  
00015030 
0 0 0 1 5 0 4 0  
0 0 0 1 5 0 5 0  
0 0 0 1 5 0 6 0  
0 0 0 1 5 0 7 0  
00015080 
0 0 0 1 5 0 9 0  
000 1 5  100 
0 0 0 1 5 1 1 0  
000 1 5  120 
0001 5 130 
0 0 0 1 5 1 4 0  
0 0 0 1 5 1 5 0  
0 0 0 1 5 1 6 0  
0 0 0 1 5 1 7 0  
0 0 0 1 5 1 6 0  
0 0 0 1 5 1 9 0  
0 0 0 1 5 2 0 0  
0 0 0 1 5 2 1 0  
0 0 0 1 5 2 2 0  
0 0 0 1 5 2 3 0  
0 0 0 1 5 2 4 0  
0 0 0 1 5 2 5 0  
0 0 0 1 5 2 6 0  
0 0 0 1 5 2 7 0  
000 1 5 2 6 0  
0 0 0 1 5 2 9 0  
0 0 0 1 5 3 0 0  
00015310 
00015320 
0 0 0 1 5 3 3 0  
0 0 0 1 5 3 4 0  
0 0 0 1 5 3 5 0  
0 0 0 1 5 3 6 0  
0 0 0 1 5 3 7 0  
0 0 0 1 5 3 6 0  
0 0 0 1 5 3 9 0  
00015400 
0 0 0 1 5 4 1 0  
0 0 0 1 5 4 2 0  
74 
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RELEASE 2.0 TRHSTR DATE = 75007 
I F ~ O A 8 S l A ~ 1 ~ I l l ~ G E ~ D A 8 S l A ~ l r I I + 1 ) ) )  GO TO 2 
05-0 
DO 3 J = l r N O l  
Y = A ( J , I l  
A ( J I I l = A ( J . I I + l l  
3 A ( J I I I + l l = Y  
2 CONTINUE 
C O = O * A ( l , I I  
I F ( A ( l r I l  .Ea. 0.1 GO TO 10 
GO TO (5.131.Ll 
X 1  = A ( l . 1 )  
L 1  = 2 
DO 4 J=2,ND1 
K = I + 1  
NN=I+M 
DO 1 II=K,NN 
W=A( l r  I 1  I
DO 6 J=l rNEO 
A ( N O l r I I l = A ( N E D , I I l  
IF (A l l~Nl .EP.O. lGO TO 10 
I F ~ D A 8 S l O A B S ~ l X 1 - A ~ 1 r N ) l / X 1 l - 1 ~ ~ ~ L T ~ 1 ~ E - 0 7 1  E=2. 
1 3  I F ~ O A 8 S ~ O A 8 S ~ ~ X 1 - A ~ 1 1 I ) ) / X 1 ) - 1 . ) ~ L T ~ l ~ E - O 7 l  E=2. 
5 R = R + 1 .  
4 A I J 1 l l = A ( J I I  I /  A l l . 1 1  
6 A ( J ~ I I l ~ A ( J + 1 ~ I I l - A I J + l r I ) " W  
1 AINEOIII l=O. 
9 R = R + 1 .  




J = K + 1  
s=o. 
DO 7 I=2,NN 
S = S + A ( l , J l * A ( I . K l  
7 J = J + 1  
A ( l ~ K I = A l N O l ~ K I - S  
NN=NN+ 1 
K=K-1 




10  E=l .  













































FORTRAN I V  G 1  RELEASE 2.0 TRMSTR DATE = 75007 0 8 / 1 6 / 0 7  
+OPTIONS I N  EFFECT* N O T E R M I N O I O I E 8 C D I C ~ S O U R C E ~ N O L I S T ~ N O O E C K ~ L O A O ~ N O M A P ~ N O T E S l  
*OPTIONS I N  EFFECT* NAME = T R M S T R  . LINECNT = 60 
*STATISTICS* SOURCE STATEMENTS = 58,PROGRAM SIZE = 2294 
*STATISTICS+ NO OIAGNDSTICS GENERATED 
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I V  G1 R E L E A S E  2.0 R I T E  D A T E  = 75007 
S U B R O U T I N E  RITE(IDUM.NRINCIMR.MC.A) 
D O U B L E  P R E C I S I O N  A 
D I M E N S I O N  AIHR,MC)  
I P R I N T =  12  
I F ( I D U M . N E . 1 )  I P R I N T =  30 
I P R =  I P R I N T - 1  
00 35 K = l . N C . I P R I N T  
MAX= K + I P R  
IF(MAX.GT.NC)  MAX=NC 
IF(K.NE.1)  W R I T E i 6 r l 0 3 )  
DO 40 J = l r N R  
45 W R I T E ( 6 . 1 0 2 )  ( I . I = K v H A X )  
40 W R I T E l 6 . 1 0 5 )  J I ( A ( J I I ) ~ I = K . M A X )  
35 C O N T I N U E  
R E T U R N  
101 F O R M A T ( b X t 3 0 1 4 )  
102 F 0 R H A T ( 6 X 1 1 2 1 1 0 )  
103 F O R M A T ( ' 1 ' )  
104 F O R M A T I '  * , 1 5 . 3 0 1 4 )  
105 F O R M A T I '  '115 .12G10.3)  
E N 0  
08/16/07 
F O R T R A N  I V  G 1  R E L E A S E  2.0 R I T E  D A T E  = 7 5 0 0 7  0 8 / 1 6 / 0 7  
* O P T I O N S  I N  E F F E C T *  N D T E R M ~ N O I D I E B C O I C I S O U R C E ~ N O L I S T ~ N O O E C K ~ L O A D ~ N O M A P ~ N O T E S T  
* O P T I O N S  I N  E F F E C T +  NAME = R I T E  , L I N E C N T  = 60 
* S T A T I S T I C S +  SOURCE S T A T E M E N T S  = 21,PROGRAM S I Z E  
* S T A T I S T I C S +  NO D I A G N O S T I C S  GENERATED 
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